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δ = p/2 ' )#//0!<4($&!2 ",.%)*.#)% &*4('*%./< @%0)%-%&.!- 4*.#5*&,< , !1)%✲

@%"<%. ,&.%&/,'&!/.= 4*.#5*&,< 9,4,$%/0!A! 1)!:%//*✳ B*0!2 1)!:%// !3($&!

&*4('*%./< *1%),!@,$%/0!2 )%"*0/*:,%2 /,/.%-( 0 /'!%-# )*'&!'%/&!-# /!/.!✲

<&,7✳ ➶ 0*$%/.'% -(/"%&&!A! C0/1%),-%&.* 1)%@/.*',- /%3% 1!'%@%&,% &*.<&#✲

.!2 /.)#&(✱ 1!A)#+%&&!2 ' +,@0!/.= / 3!"=D!2 '<40!/.=7 ✭&*1),-%)✱ -➻@✮❀

%/", 1)%@!/.*',.= .*0#7 /,/.%-# /*-!2 /%3%✱ !&* &% /-!+%. /!'%)D,.= &, !@✲

&!A! 0!"%3*&,<✱ * ",D= 1"*'&! !.)%"*0/,)#%. 0 /'!%-# 1!"!+%&,7 )*'&!'%/,<✱

0!.!)!% 5*)*0.%),4#%./< -,&,-*"=&(-, @%9!)-*:,<-, /.)#&(✳

I"#$*2 ■■✳ ✃!)&, k1,2 @%2/.',.%"=&(%✱ /!'1*@*7. @)#A / @)#A!-✳

✃!)&, k1,2 <'"<7./< @%2/.',.%"=&(-, , /!'1*@*7. @)#A / @)#A!- ' .!-

/"#$*%✱ 0!A@* @,/0),-,&*&. 5*)*0.%),/.,$%/0!A! #)*'&%&,< )*'%& &#"7 p2 −
4q = 0✱ * !38%% )%D%&,% #)*'&%&,< ✭✶✳✶✮ ,-%%. ',@

y(x) = exp
(
−p

2
x
)
[C1x+ C2] . ✭✶✳✻✮

➶ C.!- /"#$*% ",&%2&*< &%4*',/,-!/.= $*/.&(5 )%D%&,2 A*)*&.,)!'*&* ''%@%✲

&,%- -&!+,.%"< x # 1%)'!A! )%D%&,<✳ ❒*.%-*.,$%/0, '()*+%&,< ✭✶✳✻✮ , ✭✶✳✺✮

!.",$*7./< 4&*$,.%"=&!✱ * / .!$0, 4)%&,< 9,4,0, !&, !1,/('*7. !@,& , .!.

+% 1)!:%// *1%),!@,$%/0!2 )%"*0/*:,,✳

I"#$*2 ■■■✳ ✃!)&, k1,2 0!-1"%0/&!✲/!1)<+➻&&(%✳

➴/", @,/0),-,&*&. 5*)*0.%),/.,$%/0!A! #)*'&%&,< -%&=D% &#"<p2−4q < 0✱

0!)&, k1,2 <'"<7./< 0!-1"%0/&!✲/!1)<+➻&&(-,✳ ➘"< #@!3/.'* !3!4&*$,-

k1,2 = −
p

2
±

√
p2 − 4q

2
= −α± jβ, ✭✶✳✼✮

✶✵



 !" j =
√
−1 − #$%#&' "!%$%(& ✭#* +,!"# %-./012/3&41 j 3#"-4/ /+5",./46"✲

+%4"01$/8 i✱ :4/+* %2+";&41 .,4&$$%(* - /+/2$&:"$%"# -%0* <0"=46%:"-=/ /

4/=& I✮✳ ➬&.%A"# ./0,:"$$/" /+5"" 6"A"$%" ,6&3$"$%' ✭✶✳✶✮ % -6&2, .6"/+6&✲

2,"# " / -/ 0&-$/ C/6#,0&# D80"6&

y(x) = C1 exp(−(α + jβ)x) + C2 exp(−(α− jβ)x) = (C1 cos(βx)−

−jC1 sin(βx) + C2 cos(βx) + jC2 sin(βx)) exp(−αx) =

= exp(−αx)
[
C̃1 cos(βx) + jC̃2 sin(βx)

]
.

✭✶✳✽✮

F/0,:"$$/" 6"A"$%" '30'"4-' =/#.0"=-$/8 C,$=(%"8 !"8-43%4"01$/ / ."6"✲

#"$$/ /✳ ✃&= 0" =/ ./=&2&41✱ "-0% $"=/4/6&' C,=(%' U(x) + jV (x) ,!/30"43/✲

6'"4 ,6&3$"$%H ✭✶✳✶✮✱ 4/ =&;!&' %2 C,$=(%8 ./ /4!"01$/-4%U(x)✱ V (x) 4&=;"

,!/30"43/6'"4 <4/#, ,6&3$"$%H

(U(x) + jV (x))′′ + p(U(x) + jV (x))′ + q(U(x) + jV (x)) = 0;

U ′′(x) + pU ′(x) + qU(x) + j [V ′′(x) + pV ′(x) + qV (x)] = 0.
✭✶✳✾✮

J&3"$-43/ $,0H =/#.0"=-$/8 C,$=(%% ./!6&2,#"3&"4 6&3"$-43/ $,0H "" !"8✲

-43%4"01$/8 % #$%#/8 :&-4"8 /!$/36"#"$$/

U ′′(x) + pU ′(x) + qU(x) = 0,

V ′′(x) + pV ′(x) + qV (x) = 0.
✭✶✳✶✵✮

L/ "-41 #* ./0,:%0% !3& $"2&3%-%#*M ,6&3$"$%' 3%!& ✭✶✳✶✮ !0' /+"%M C,$=(%8

U(x) % V (x)✳ D4& ("./:=& 6&--,;!"$%8 /+N'-$'"4✱ ./:"#, C,$=(%% cos(βx) %

sin(βx)✱ 3M/!'5%" 3 /+5"" 6"A"$%" ✭✶✳✽✮ 3 3%!" =/#.0"=-$/8 C,$=(%% !"8-43%✲

4"01$/ / ."6"#"$$/ /✱ -&#% ./ -"+" '30'H4-' :&-4$*#% 6"A"$%'#% ,6&3$"$%'

✭✶✳✶✮✳ D4/ ./23/0'"4 ,84% /4 #&4"#&4%:"-=/ / &..&6&4& 4"/6%% C,$=(%8 =/#✲

✶✶



 !"#$%&'&  "(")"%%&'& * +, *$,-. &/0"" ("1"%*" 2 2*3" $4 "( &+*5** 3"6$-2*✲

-"!.%89 :4%#5*6

y(x) = exp(−αx) [C1 cos(βx) + C2 sin(βx)] , ✭✶✳✶✶✮

'3" #&%$-,%-8 C1✱ C2  &✲ ("@%")4 & ("3"!AB-$A %,C,!.%8)* 4$!&2*A)* 2*3,

✭✶✳✹✮✳ ✃,# 2*3%& *+ 28(,@"%*A ✭✶✳✶✶✮✱ &/0"" ("1"%*" 2 $!4C,"✱ "$!*p2−4q < 0✱

& *$82,"- +,-49,B0*6 ✭/!,'&3,(A )%&@*-"!B exp(−αx)✮ #&!"/,-"!.%86 ✭/!,✲

'&3,(A  "(*&3*C%&$-* :4%#5*6 cos✱ sin✮ :*+*C"$#*6  (&5"$$✳ ➮)"%%& G-& 28✲

(,@"%*"  ("3$-,2!A"- $&/&6 %,*/&!.1*6 *%-"("$ $ -&C#* +("%*A *+4C,")&'&

#4($,✳ H(&3")&%$-*(4") &$&/"%%&$-*  (*)"%"%*A ),-"),-*C"$#*9 +%,%*6 # ("✲

1"%*B :*+*C"$#*9 +,3,C✳

✶✳✷✳ #$%&'()*%+&)% &,$%-./)0 1 2(,+'%34)5

6$%&'()*%+&)5 7%205

➚3, -*(4") & *$,%%86 281" ),-"),-*C"$#*6 ,  ,(,- # ("1"%*B :*+*C"✲

$#*9 +,3,C✳ ➘!A G-&6 5"!* (,+/"(➻) %"$#&!.#& 3")&%$-(,5*6✳

➬,3,C, ➑ ✶ ❮,6-* 4$!&2*"✱  (* #&-&(&) 2 G!"#-(*C"$#&6 5" *✱ *+&/(,@"%✲

%&6 %, (*$✳ ✶✳✶✱ 2&+)&@%& $40"$-2&2,%*" $&/$-2"%%89 G!"#-(*C"$#*9 #&!"/,%*6✳

H"("3 %,C,!&) ("1"%*A +,3,C* $3"!,") %"#&-&(8"  &A$%"%*A✳

 !"✳ ✶✳✶✳ %&'()*!+'"(,- .'/0✱ "234'5,65,- 3 "'7' 28923*'4'992 +'*): /2"&'823,)'&092;2

! /,*,&&'&092;2 (2&'7,)'&092;2 (29)<*23

✶✷



➶!✲#$%&'(✱ *+$,-$. !/%0.1.2 &314031$ 30 *04- #!*.03!&5- 60,071✿ !30 9&✲

+9$.*9 !7$32 (0%05.$%3!: ,+9 5-%*0✱ #!*&9;$33!<! .$!%11 5!+$/031:✱ 5!<,0

13.$%$* #%$,*.0&+9$. &$*2 5!+$/0.$+23': #%!=$**✱ &69.': & =$+!4✱ 0 3$ 50509✲

.! !.,$+23! &69.09 (0%05.$%1*.150 *1*.$4'✳

➶!✲&.!%'(✱ #$%$, 3070+!4 %$?$319 60,071 #!+$63! #!*4!.%$.2 30 *($4- 1

#!#'.0.2*9 #%$,*.0&1.2 *$/$✱ & 7$4 605+@70$.*9 !*!/$33!*.2 $➻ %0/!.'✳ B05✱ &

%0**40.%1&0$4!: *($4$ 4!C3! /$6 .%-,0 604$.1.2 .!✱ 7.! !30 9&+9$.*9 3$514

*13.$6!4 #!*+$,!&0.$+23!<! 1 #0%0++$+23!<! 5!+$/0.$+23!<! 5!3.-%!&✳ ➴*+1

/' & *($4$ !.*-.*.&!&0+0 =$3.%0+2309 &$.&2 ✭.✳$✳ #%1 -*+!&11R→∞✮✱ .! 5!3✲
.-% /'+ /' #!*+$,!&0.$+23'4✱ !,305! -&$+17$31$ *!#%!.1&+$319 R #%1&$,$.

5 &!6%0*.031@ G+$5.%17$*51( #!.$%2 & #%0&!: &$.&1✳ H%1 505!4✲.! 6307$311

R 5!+$/0319 &!&*$ *.03-. 3$&!64!C3'✳ ✃ 030+!<173!4- &'&!,- 4!C3! #%1:✲

.1✱ $*+1 %0**4!.%$.2 ,%-<!: #%$,$+23': *+-70:✱ 5!<,0 R → 0 1 =$3.%0+2309

&$.&2 *.03!&1.*9 1*.!7315!4 5!%!.5!<! 604'50319✳ B0514 !/%06!4✱ $;$ ,! 40✲

.$40.17$*5!<! %$?$319 60,071 4' *4!<+1 -,!*.!&$%1.2*9 & .!4✱ 7.! 5!+$/0319

& %0**40.%1&0$4!: =$#1 &!64!C3' 3$ #%1 +@/'( #0%04$.%0( 60,071✱ 0 #%1

505!4✲.! !*!/!4 -*+!&11✳

 !"✳ ✶✳✷✳ &'(!)*(+,-( (.()-/01--21 3(4! * *13*56 718! ! -/8'/*+1-!5 (.6(9/ ✶ ! ✷✲;( 4(-✲

3<'(*

✶✸



 !"#$% &'( )$*#+!")(,✱ ."/"0!"1 2 343'$%#")(+ 5/$%)")(0✳ ➘#, &'484 ./4✲

(:%4#;)<1 4*/$:41 )$/(35"1 %4 %3"= %"'%,= 344'%"'3'%5+>(" '42( i1✱ i2✱ i3 ✭31✳

/(3✳✶✳✷✮✳ ❮$.41()$"1✱ D'4 &#"2'/(D"32(0 '42 % %"'%( )"4*=4!(14 /(34%$'; 4'

5:#$ 2 5:#5✱ D'4*< 3#5D$0)4 )" )$/(34%$'; )"324#;24 /$:)<= '424% % /$:)<=

&#"1")'$= 4!)40 ( '40 E" %"'%(✳ ➬$.(G"1 .4 4*>"(:%"3')<1 ./$%(#$1 5/$%)"✲

)(, ✃(/=84I$ !#, )$G"0 J".(

i1 − i2 + i3 = 0, ✭✶✳✶✷✮

L
di1
dt

+ i2R = 0, ✭✶✳✶✸✮

1

C

∫ t

−∞
i3(ξ)dξ + i3R + i2R = 0. ✭✶✳✶✹✮

M/$%)")(" ✃(/=84I$ ✭✶✳✶✷✮ )$.(3$)4 !#, %"/=)"84 5:#$ J".(✱ $ 5/$%)")(, ✭✶✳✶✸✮

( ✭✶✳✶✹✮ )$.(3$)< % 344'%"'3'%(( 3 :$24)41 ✃(/=84I$ !#, #"%484 &#"1")'$/)4✲

84 24)'5/$✱ ./40!"))484 .4 D$34%40 3'/"#2"✱ ( ./$%484 &#"1")'$/)484 24)'5✲

/$✱ ./40!"))484 ./4'(% D$34%40 3'/"#2( 344'%"'3'%"))4✳ N4#5D"))5+ 3(3'"15

()'"8/4✲!(II"/")J($#;)<= 5/$%)")(0 ✭✶✳✶✷✮−✭✶✳✶✹✮ 14E)4 /"G(';✱ "3#( %43✲
.4#;:4%$';3, )"324#;2(1( 34%"'$1(✳  )$D$#$ )"4*=4!(14 (:*$%(';3, 4' 4."/$✲

J(( ()'"8/(/4%$)(,✳ ➘#, &'484 % )$G"1 3#5D$" ./4!(II"/")J(/5"1 %</$E")("

✭✶✳✶✹✮✳ ➘$#"" 3#"!5"' )"324#;24 /$: %43.4#;:4%$';3, .4!3'$)4%2$1( ."/"1")✲

)<=✱ )$./(1"/✱ (: ✭✶✳✶✸✮

i2 = −
L

R

di1
dt

,

(✱ 344'%"'3'%"))4✱

di2
dt

= −L

R

d2i1
dt2

.

✶✹



➮! ✭✶✳✶✷✮ '()*( +*+,(-./*( 012+!.34 i3

i3 = i2 − i1,

di3
dt

= − i1
dt
− L

R

d2i1
dt2

.

5(673+0.' 8(,9/:**1: 012+):*.; 0 ✭✶✳✶✹✮ . 82.0:6:' = =+*(*./:7=('9 0.69

8(,9/:**(: ,.*:>*(: 6.??:2:*@.+,4*(: 92+0*:*.: 03(2(-( 8(2;6=+ 6,; i1

d2i1
dt2

+

(
R

2L
+

1

2RC

)
di1
dt

+
i1

2LC
= 0. ✭✶✳✶✺✮

B:C.0 D3( 92+0*:*.: . (82:6:,.0 i1(t)✱ '()*( 01/.7,.34 . (73+,4*1: *:.!0:73✲

*1: ?9*=@.. i2(t) . i3(t)✳ ➬6:74 9':73*( 76:,+34 8(,:!*(: 6,; 07:-( 6+,4*:>C:-(

=927+ !+':/+*.: ( 0(!'()*(73. 7+'(82(0:2=.✱ (7*(0+**(> *+ +*+,.!: 2+!':2✲

*(73:> 8(,9/+:'1H 0 92+0*:*.. 0:,./.*✳ ❰/:0.6*1' ?+=3(' ;0,;:37; 3(✱ /3(

07: 7,+-+:'1:✱ 0H(6;J.: 0 92+0*:*.:✱ 6(,)*1 (K,+6+34 (6*(> . 3(> ): 2+!':2✲

*(34L✳ 5(7'(32.'✱ 018(,*;:37; ,. D3( 82+0.,( 0 92+0*:*.. ✭✶✳✶✺✮✱ =(3(2(: '1

3(,4=( /3( 8(,9/.,.❄ ➘,; D3(-( 82(0:2.' 2+!':2*(734 =+)6(-( /,:*+ 92+0*:✲

*.;✳ B+!':2*(734 8:20(-( /,:*+ (/:0.6*+ ❬➚7

−2]✳ B+!K:2:'7; 7( 03(21' /,:*('✳

❰* 82:673+0,;:3 7(K(> 82(.!0:6:*.: *:=(3(2(> 79''1 *+ 8:209L 82(.!0(6*9L

7.,1 3(=+ 8( 02:':*.✱ + 2+!':2*(734 di/dt − D3( ❬➚7−1]✳ 5(7'(32.' *+ 7,+-+:✲
'1: 0 7=(K=: 8:2:6 8:20(> 82(.!0(6*(>✳ B+!':2*(734 =+)6(-( 7,+-+:'(-(✱ =+=

. 7,:6(0+,( ().6+34✱ ❬7

−1]✳ ➬+8('*.3:✱ 8()+,9>73+✱ =+= 01-,;6;3 D3. 7,+-+:✲

'1:✱ 8(3('9 /3( (*. (/:*4 0+)*1 0( 07:' 6+,4*:>C:' =927:✳ Q3( *: 82(73(

7,9/+>*1: =('K.*+@.. 8+2+':32(0 D,:=32./:7=(> @:8.✱ + 8(73(;**1: 02:':*.

D3(> @:8.✱ =(3(21: *:793 0 7:K: .*?(2'+@.L ( 3('✱ =+=.: =(,:K+*.; 0(!'()*1

✶✺



 !"!#$%$✱ ' ('("$ − )$#✿

τ1 = RC,

τ2 = L/R.

+,!-$.)$$ !-'/'$%,$ ✭✶✳✶✺✮ #,5$  6.$75" '$# 87, $7(9 )' 7':%$7),!#;✱ #'(

('( ,), 87$.!#' -<$# !,=,> 87,": $.$)"$ !"-6 #,(' )' ( '.7'# ?"(-"@$!(,>

@'!#,#6 (,-$=')"> ".$'-;),/, (,)#97' =$: 8,#$7;✱  6@"!-$))9A 8, B,7%9-$

C,%!,)'✱ ": $!#),> $D$ 8, E(,-;),> 87,/7'%%$

ω =
1√
LC

.

+,.,=)6% ,=7':,% )$,=F,."%, ,!9D$!# -<#; !'%,87, $7(9 )' ('5.,% G#'8$

7$E$)"< :'.'@"✳ +7" )$ 68,-)$)"" 87' "-' 7':%$7),!#" .'-;)$>E$$ 7$E$)"$

:'.'@" =$!!%6!-$)),✳ +,-9@$)),$ 97' )$)"$ ✭✶✳✶✺✮ 8,: ,-<$# )'% ,# $#"#; )'

 ,87,! ,  ,:%,5),!#" !9D$!# , ')"< !,=!# $))6F (,-$=')">  7'!!%'#7" '$✲

%,> G-$(#7"@$!(,> ?$8"✳ ➘-< G#,/, ! %'#$%'#"@$!(,> #,@(" :7$)"< )$,=F,."%,✱

@#,=6 ."!(7"%")')# F'7'(#$7"!#"@$!(,/, 97' )$)"< =6- ,#7"?'#$-;)6%✳ ➮!✲

8,-;:9<   $.$))6$ 7')$$ %'#$%'#"@$!("$ 8$7$%$))6$✱ )$,=F,."%,✱ @#,=6  6✲

8,-)<-,!; 9!-, "$ p2−4q < 0✳ ➶ #$7%")'F )'E$> :'.'@" )$,=F,."%,  68,-)$)"$

9!-, "< (
R

2L
+

1

2RC

)2

− 4
1

2LC
< 0.

+,!-$ )$=,-;E,/, 87$,=7':, ')"< 87"F,."% ( )$7' $)!# 9

∣∣∣∣x+
1

x

∣∣∣∣ < 2
√
2,

/.$ x = R
√
C/L✳ ➬'%$#"%✱ @#,  $-"@")' x .,-5)' =6#; =$:7':%$7),>  $-"@"✲

✶✻



 !"✱ $%&' ()*+$+ !, - +.+  %*+$% (,$+ (,!/, (.+01*✳ 3*!$%*1%4✱ &%"(,$/,%0' !

R

√
C

L
=

√
R2

C

L
=

√
RC

L/R
=

√
τ1
τ2
.

➶(% $%* !✳ 6+(.*7$+%4 4!&80'✱ *%9+%4 )*!(,!% .$+&*+, !% 8*+$ % /% /  +:!✲

&/4 !,$%, . -+&+<%

(
√
2− 1) < R

√
C

L
< (
√
2 + 1).

❰>(8&/4 )!08<%  7" !,$%,✳

➶!✲)%*$7:✱ .+. / )*%&)!0+?+0!('✱ ($!>!& 7% .!0%>+ /1 $ (/(,%4% $!-4!@ 7

0/9' &01  %.!,!*!?! &/+)+-! + )+*+4%,*!$ A%)/✳ ❰& +.!  +9% )%*$/< !% *+(✲

(8@&% /%✱ !( !$+  !% 0/9'  + - + /1: /- .8*(+ *+&/!B0%.,*! /./✱ ! ,!4✱ <,!

$(% -+$/(/, !, R✱ !.+-+0!('  %)*+$/0' 74✳ ❮%)*+$!4%* ! ?!$!*/,' ! >!0'9!4

/0/ 4+0% '.!4 - +<% // R✱ ,+. .+. (+4! )! (%>% (!)*!,/$0% /% $ (:%4% %D%  %

!)*%&%01%, %% ()!(!> !(,' . E8 .A/! /*!$+ /F $ .!0%>+,%0' !4 *%@/4%✳ ➶(%

*%9+%,(1 (!!, !9% /%4 )!(,!1  7: $*%4% / A%)/✦ ➮4%  ! )!(,!1  7% $*%4% /

!)*%&%01F, (.!*!(,' )%*%-+*1&+ .! &% (+,!*+ ✭RC✮ / (.!*!(,' )%*%4+? /</✲

$+ /1 .+,89./ / &8.,/$ !(,/ ✭L/R✮✳ ➴(0/ B,/ :+*+.,%* 7% )*!A%((7 (/0' !

!,0/<+F,(1 )! )*!&!0@/,%0' !(,/✱ ,! .!0%>+ /"  % >8&%,✳ ➴(0/ @% ! / &01,(1

)*/4%* ! !&/ +.!$!% $*%41✱ ,! (,+ !$1,(1 $!-4!@ 74/ ($!>!& 7% .!0%>+ /1✱

)*/ .!,!*7: B0%.,*/<%(.+1 B %*?/1 )%*/!&/<%(./ ,*+ (E!*4/*8%,(1 /- )!,% ✲

A/+0' !" ✭B %*?/1 B0%.,*/<%(.!?! )!01 .! &% (+,!*+✮ $ ./ %,/<%(.8F ✭B %*?/1

4+? /, !?! )!01 .+,89./✮ / !>*+, !✳

➶!✲$,!*7:✱ )*!1( /4 E/-/<%(./" (47(0 /()!0'-!$+  !?! 4+,%4+,/<%(.!?!

 %*+$% (,$+ p2− 4q < 0✳ L,!  %*+$% (,$! $ E/-/<%(./: ,%*4/ +: !- +<+%,✱ <,!

.!0%>+ /1 $!-4!@ 7 0/9' $ ,!4 (08<+%✱ .!?&+ <+(,!,+ ($!>!& 7:  %-+,8:+F✲

D/: .!0%>+ /" $ .! ,8*% >%- )!,%*' (
√
LC)−1 )*%$79+%, - +<% /% &%.*%4% ,+

✶✼



 !"#$!%&'✳ )"! *+,-.  /#0&" 102%. %2',%1✱ 415"1*# 426276! &6#2* 41-#02%%12

#"/26892%&2 %! ' +:2 41,"1'%%+$ /62*2%& & 46192*1%,"6&6#2* 22 46& 41*1;&

6&,✳ ✶✳✸✳

 !"✳ ✶✳✸✳ ❰"'!(()*+,--. /)(01,20(34)*) ✭"(06,✮ ! +0(,/",'!)44)*) ✭"8+,6,✮ 9,2:;,<=!;

8+)'0"")6

➮"!:✱ 426/!' 41,"1'%%!' /62*2%& 146292-'2",' 1?6!"%1@ /2-&0&%1@ 92:62✲

*2%"!  !"#$!%&' δ−1✳ )"! 41,"1'%%!' /62*2%& − 1,%1/%1@ /62*2%%1@ 1B6!%&✲

0&"2-. 7& &02,:1B1 461C2,,!✳ ➮*2%%1 5"! 41,"1'%%!' /62*2%& 146292-'2"✱ %!✲

,:1-.:1 ?+,"61 #?+/!2" 1B&?!D;!' ✭& 1?6!82%! %! 1,C&--1B6!**!$ 6&,✳ ✶✳✸

4#%:"&61*✮ 5:,41%2%C&!-.%!' 7#%:C&'✳ ➶"16!' 41,"1'%%!' /62*2%&− 5"1 42✲

6&19 T 19%1B1 ,/1?19%1B1 :1-2?!%&' / ,&,"2*2 ?2  !"#$!%&' ✭?2 "62%&'✮✳

H!:&* 1?6! 1*✱ 2,-& 0!,"1"! ,/1?19%+$ :1-2?!%&@ ?1-.I2 92:62*2%"!  !"#✲

$!%&'✱ "1 5"1  %!0&"✱ 0"1 / ,&,"2*2 #,422" 461& 1@"& %2,:1-.:1 :1-2?!"2-.%+$

C&:-1/ 91 "1B1 *1*2%"!✱ :!: :1-2?!%&' 41-%1,".D  !"#$%#"✳ ➶ 461"&/%1* ,-#✲

0!2 :1-2?!%&'  !"#$!D" ,-&I:1* ?+,"61 & %& 19&% :1-2?!"2-.%+@ C&:- %2

%!?-D9!2",' ✭1,C&--1B6!**! ,46!/! %! 6&,✳ ✶✳✸✮✳

✶✽



 !"!#$! $ %&'()*!#$! +!,(-./0/%1 ,0*02$ ➑ ✶ ,01!+"!#%✳ ➶ '-!*(78!9

,0*02! &(*!/ :%*+%&#% +0'';%/+!# 1%:+%' % <%++!</#%; '%'/01-!#$$ #020-.#=>

('-%1$9 1$*0 ✭✶✳✹✮✳

➬0*020 ➑ ✷✳ ❮09/$ ,01$'$;%'/. #0:+E)!#$E #0 <%#*!#'0/%+! UC(t) :%'-!

,0;=<0#$E <-720 K #0 '>!;!✱ $,%&+0)!##%9 #0 +$'✳ ✶✳✹✳

 !"✳ ✶✳✹✳ ✃'(()*+,!- . /012*3!41"2'5 ,16! " '78'5 "*16189: ".';'7< ✭2 >+7+41 ➑ ✷✮

 !"!#$! :%*%&#=> ,0*02 '-!*(!/ #02$#0/. ' 0#0-$,0 G-!</+$2!'<%9 H!:$ *%

$ :%'-! <%;;(/0H$$ ✭:!+!<-72!#$E✮✳ I+$ G/%; #!%&>%*$;% '-!*%10/. '-!*(7✲

8$; :+%'/=; '%%&+0)!#$E;✿ 1 H!:E> :%'/%E##%L% /%<0 <0/("<0 $#*(</$1#%'/$

L E1-E!/'E $'/%2#$<%; <%+%/<%L% ,0;=<0#$E ✭!➻ 0</$1#%! '%:+%/$1-!#$! +01#%

#(-7✮✱ 0 <%#*!#'0/%+ C +0,+=10!/ 1!/1.✱ 1 <%/%+(7 %# 1<-72!# ✭!L% '%:+%/$1✲

-!#$! &!'<%#!2#% &%-."%!✮✳ N/% '>!;0/$2#% :%<0,0#% #0 -!1%9 20'/$ +$'✳ ✶✳✺✳

➘% <%;;(/0H$$ <-720 K 1!/1. ' <%#*!#'0/%+%; C #! 1-$E-0 #0 +0&%/( H!:$

✭'-!10 #0 +$'✳ ✶✳✺ %#0 $,%&+0)!#0 :(#</$+%;✮✳ I%G/%;( :% G/%9 1!/1$ *% <%;;(✲

/0H$$ #! :+%/!<0!/ /%<✳ ➶ '1%7 %2!+!*. <0/("<0 $#*(</$1#%'/$L $,%&+0)!#0

:(#</$+%; :%/%;(✱ 2/% !! '%:+%/$1-!#$! :% :%'/%E##%;( /%<( +01#% #(-7✱ $ #0

'>!;! %#0 ,0;!#!#0 $*!0-.#=; :+%1%*#$<%;✳

✶✾



 !"✳ ✶✳✺✳ &'(!()*+,-,.+ "/+0. !""*+12+034 5+6! 13 ✭"*+()✮ ! 63"*+ ✭"69)()✮ '3002-)5!!

 !"#$ %&'!(%$✱ *% "%$$+,!-## . #//01*+1$%2 -13# 3'%,1"!0 0#45 %*#6 3%✲

/,%86692 ,%" I0 3% (!$"6+,%$+ "%6,+'+ :1'1( #/,%:6#" 3%/,%866%;% 6!3'8✲

<16#8 E # '1(#/,%' R1✳ ❮! /?1$1 6!3'!.016#1 ,%"! I0 *08 +*%&/,.! .9&'!6%

/%;0!/%.!669$ / 3%08'6%/,5@ #/,%:6#"!E✱ ?%,8 A,% # 61%&8(!,1056%1 ,'1&%.!✲

6#1✿

I0 =
E

R1
. ✭✶✳✶✻✮

G%/01 (!$9"!6#8 "0@:!K . -13# 6!:61,/8 31'1?%*6%2 A01",'#:1/"#2 3'%-1//✱

"%,%'92 3% +/0%.#@ (!*!:# 8.081,/8 (!,+?!@H#$ # "%01&!,10569$✳ I,%&9 '1✲

4#,5 (!*!:+✱ 61%&?%*#$% +3'%/,#,5 ,%3%0%;#@ -13# # %&J1*#6#,5 *.! 3!'!0✲

01056% ."0@:1669? '1(#/,%'! R1 # R2 . %*#6 '1(#/,%' R0 = R1R2/(R1 + R2)✱

"!" 3%"!(!6% /3'!.! 6! '#/✳ ✶✳✺✳ ❮! A,%$ ./1 3%*;%,%.#,105691 '!&%,9 (!.1'✲

4169 # $%<6% 3'#/,+3!,5 " (!3#/# /#/,1$9 +'!.616#2✳ ✃!" ./1;*! *08 -1312

/ %*6%2 /,13165@ /.%&%*9 (!3#41$ ✶ +'!.616#1 ✃#'?;%M! *08 ,%"%. # ✷ +'!.✲

616#8 ✃#'?;%M! *08 "%6,+'%.✿

IL + IC − IR = 0, ✭✶✳✶✼✮

✷✵



IRR0 + L
IL
dt
− E = 0, ✭✶✳✶✽✮

IRR0 +
1

C

∫ t

−∞
IC(ξ)dξ − E = 0. ✭✶✳✶✾✮

&'()*(+ ,-' .,(/0,*1/2*345✱ ./'/0378 9(+✱ :9/ +7 '()*)4 2 1*'*:( ➑ ✶✱ 4 ./✲

)=:4+ =,*23(34( ')- )>0/?/ 41 3(412(@9378 9/A/2 IR✱ IC 4)4 IL✳ ❮*./+34+✱ :9/

./ =@)/24> 1*'*:4 +7 '/)C37 3*594UC(t)✱ 3/ D9/ 3*.,-C(34( 27:4@)-(9@- A*A

439(?,*) /9 IC(t)✱ :9/ 13*:49()E3/ 9,='3((✱ :(+✱ 3*.,4+(,✱ 3*594 3*.,-C(34(

3* A*9=FA(✳ G/D9/+= 3* '*33/+ D9*.( ,(F(34- 3(/08/'4+/ ,=A/2/'@92/2*9E@-

@//0,*C(34(+ .,/@9/97✱ * 3( 9(+✱ :9/ @.,*F42*(9@- 2 =@)/244 1*'*:4✳ ➮9*A✱

.,/412('(+ .,(/0,*1/2*34-✱ /?/2/,42F4@E .,4 D9/+✱ :9/ .,('@9*2)(337( 34C(

.,(/0,*1/2*34- -2)->9@- )4FE ./A*1*9()E37+ .,4+(,/+✱ * 3( ,=A/2/'@92/+ A

'(5@924> 4 3( *)?/,49+/+ ,(F(34- ./'/0378 1*'*:✳

G,/'4II(,(3J4,=(+ =,*23(34( ✭✶✳✶✾✮

R0
dIR
dt

+
IC
C

= 0, ✭✶✳✷✵✮

/9A='* +/C3/ 27,*149E

IC = −R0CI ′R. ✭✶✳✷✶✮

G,/'4II(,(3J4,=(+ 9*AC( ✭✶✳✶✽✮✱ /9A='* 3*5'(+

dIR
dt

= − L

R0

d2IL
dt2

. ✭✶✳✷✷✮

➮1 ✭✶✳✶✽✮ '/./)349()E3/ 27,*14+ IR

IR =
E

R0
− L

R0

dIL
dt

. ✭✶✳✷✸✮

✷✶



 !"#$%&'( ✭✶✳✷✷✮ & ✭✶✳✷✶✮ ' $.( #%(/( &/0%1'( IC 2.0.1 IL✳ ➶/0%4.5'. ✭✶✳✷✸✮ &

#&!7 !2.0."8 &/0%4%.$ IR 2.0.1 IL✱ $✳.✳ (/ :!;<2';' &!1(!45!#$8 #&.#$' ;7=!.

<0%&5.5'. > <0%&5.5'7✱ & >!$!0!( =/;% =/ $!;8>! !"5% 5.'1&.#$5%? @<5>A'?

IL✳ ❮%:0'(.0✱ &!#:!;81<.(#? :.0&/( <0%&5.5'.( '#C!"5!D #'#$.(/ ✭✶✳✶✼✮✱ #!✲

>0%$'( 5% (5!4'$.;8LC ' :!;<2'( ;'5.D5!. 5.!"5!0!"5!. "'@@.0.5A'%;85!.

<0%&5.5'. &$!0!G! :!0?">% & >%5!5'2.#>!( &'".

d2IL
dt2

+
1

R0C

dIL
dt

+
1

LC
IL =

E

R0LC
. ✭✶✳✷✹✮

 .0." $.(✱ >%> 0.I%$8 J$! <0%&5.5'.✱ 5.!=C!"'(!✱ >!5.25!✱ :0!&.0'$8 .G! #!✲

G;%#5! :0%&';< 0%1(.05!#$.D✳ K;.&% &#. #;%G%.(/. '(.7$ 0%1(.05!#$8 ❬➚#

−2
❪✱

2$! ;.G>! :0!&.0?.$#?✱ $%> >%> 0%1(.05!#$8 [R0C] − J$! ❬❝❪✱ % < [LC] − 0%1✲

(.05!#$8 ❬#

2
❪✳ ➶ :0%&!D 2%#$' <0%&5.5'? #$!'$ >!(='5%A'?✱ >!$!0%? "! J$!G!

(!(.5$% 5. &#$0.2%;%#8✱ 5! ' !5% ;.G>! :0!&.0?.$#?✱ $%> >%> E/R0 '(..$ 0%1✲

(.05!#$8 #';/ $!>% ❬➚❪✱ ' "!:!;5'$.;85! &5!&8 &#$0.2%.$#? (5!4'$.;8 [LC]✳

P0%&5.5'. :0!&.0>< :0!I;!✱ (!45! 0.I%$8 "%;8I.✳ ➮1 ><0#% "'@@.0.5A'%;8✲

5/C <0%&5.5'D '1&.#$5!✱ 2$! !=R.. 0.I.5'. 5.!"5!0!"5!G! <0%&5.5'? ?&;?.$#?

#<((!D !=R.G! 0.I.5'? !"5!0!"5!G! <0%&5.5'? ' 2%#$5!G! 0.I.5'? 5.!"5!0!"✲

5!G! <0%&5.5'?✱ 2$! # A.;87 1%:!('5%5'? (!45! 1%:'#%$8 & &'". (5.(!5'2.#>!✲

G! :0%&';% ❰T❮P❂❰T❰P✰WT❮P✳ T%5.. & G;%&.✱ :!#&?R.55!D (%$.(%$'2.#>!✲

(< %::%0%$<✱ (/ <4. 0.I%;' !"5!0!"5!. <0%&5.5'. &$!0!G! :!0?">%✱ :!J$!(<

#0%1< 1%:'I.( ❰T❰P ✭✶✳✷✹✮ ' !=!15%2'( .G! ĨL

ĨL = exp (−δt) [C1 cos(ωt) + C2 sin(ωt)] , ✭✶✳✷✺✮

✷✷



 !" #$%&'&$ ($&)*$+,-* .'/"0$1-2 ω 3$41$

ω =

√
1

LC
−

(
1

2R0C

)2

,

$ !".3"5"1& ($&)*$1-6 δ

δ =
1

2R0C
.

➘$/"" 1$2!"5 89❮;✳ =' /$%1' .)3%) !->>"3"1?-$/@1A* )3$41"1-2 0)!"5 " '

-%.$&@ 4 4-!" B3$4'2 #$%&- )3$41"1-6✳ =B3$4$ 4 ✭✶✳✷✹✮ %&'-& .'1%&$1&$✱ %/"✲

!'4$&"/@1'✱ #$%&1'" 3"J"1-" 1"'0*'!-5' -%.$&@ 4 4-!" .'1%&$1&A✳ ❰0'(1$#-5

89❮; .$. ÎL✳ L'!%&$4-5 ÎL 4 ✭✶✳✷✹✮✱ B3- M&'5 %/$ $"5A" % B"34'2 - 4&'3'2

B3'-(4'!1'2 B' 43"5"1- 3$41A 1)/+✳ L'/)#-5

ÎL
LC

=
E

R0LC
,

'&.)!$ ÎL = E/R0✳ N$. 5A 1$J/- ❰9❮; IL = ĨL + ÎL✱

IL = exp (−δt) [C1 cos(ωt) + C2 sin(ωt)] +
E

R0
. ✭✶✳✷✻✮

➶A#-%/-5 .'1%&$1&A -1&" 3-3'4$1-6 C1✱ C2✳ ➘/6 M&' ' 1"'0*'!-5' )6%1-&@

($.'1A .'55)&$?-- !/6 .'1!"1%$&'3'4 - .$&)J". -1!).&-41'%&-✳ Q&- ($.'1A

'%1'4A4$+&%6 1$ &'5 >$.&"✱ #&' M1"3 "&-#"%.'" %'%&'61-" M/"5"1&'4L✱ C 1"/@✲

(6 -(5"1-&@ 5 1'4"11'✳ ➶ .$R!A2 5'5"1& 43"5"1- t 4 .'1!"1%$&'3" - .$&)J."

1$.'B/"1' 'B3"!"/"11'" .'/-#"%&4' M/".&3-#"%.'2WC - 5$ 1-&1'2WL M1"3 --

WC =
CU 2

C

2
, WL =

LI2L
2

,

 !" UC - IL − 1$B36R"1-" 1$ .'1!"1%$&'3" - %-/$ &'.$✱ B3'&".$+," ' #"3"(

✷✸



 !"#$ #✱ &''"()"&"()**'✳ ,'-.!&*' /! '*# &'01!*)*23 4*)1-22 5.3 6-*'()**'-'

✭/! 8)& '*)9*' 6!.:; 2*")1(!. (1)6)*2✱ &''"()"&"(#<=2; 6'6)*"#  '66#"!✲

?22 ( ?)@2✮ 2/6)*)*23 4*)1-)"29)& '-' &'&"'3*23C 2.2 L *)'80'526' 1!/(2"B

8)& '*)9*' 8'.B$#< 6'=*'&"B /! &9)" (*)$*20 2&"'9*2 '( 4*)1-22✳ C! 20 2&✲

"'9*2 '(✱ &@'&'8*:0 1!/(2"B 8)& '*)9*' 8'.B$#< 6'=*'&"B✱ ( ?)@2 *)"✱ @'4"'✲

6# 5.3 6'6)*"!  '66#"!?22 t0 &.)5#)" /!@2&!"B /! '* &'01!*)*23 4*)1-22 (

(25)

WC |t=t0−0 = WC |t=t0+0,

WL|t=t0−0 = WL|t=t0+0,

9"' 1!(*'/*!9*' (:1!D)*236

UC |t=t0−0 = UC |t=t0+0, ✭✶✳✷✼✮

IL|t=t0−0 = IL|t=t0+0, ✭✶✳✷✽✮

 '"'1:) 2 @12*3"' *!/(!"B @)1(:6 2 ("'1:6 /! '*!62  '66#"!?22✳ ➮"! ✱ &'✲

-.!&*' ✭✶✳✷✼✮ 2 ✭✶✳✷✽✮ *!@13D)*2) *!  '*5)*&!"'1) 2 "' 9)1)/  !"#$ # ( 6'6)*"

 '66#"!?22 '&"!<"&3 *)2/6)**:62✳ J126)*26 4"2 /! '*:  *!$); /!5!9)✱ '8✲

1!"2($2&B  4 (2(!.)*"*'; &0)6) *! 12&✳ ✶✳✺ &.)(! ✭5'  '66#"!?22✮✳ ➮/ &0)6:

(25*'✱ 9"' 5' /!6: !*23  .<9! K ✭2 ( &!6:; 6'6)*" )-' /!6: !*23✮ 9)1)/

 !"#$ # 2*5# "2(*'&"2 L @1'") !. "' 

IL|t=t0 = E/R1.

❮!@13D)*2) *!  '*5)*&!"'1) C 5' /!6: !*23  .<9! K ✭2 ( &!6:; 6'6)*" )-'

/!6: !*23✮ 1!(*'

UC |t=t0 = E.

✷✹



❒! "#$%&#'% ()# "#*(+# *(,,-.#/%%✱ (1+#*(✱ *#* )!'( $(*#"#+( 2#+33✱ 1'4 5!✲

7%&'3+%4 *(+&.#+. %+.382%2(5#+%4 +#, +3()9(1%,( "+#.: IL|t=t0 % I ′L|t=t0✳ ➶(&✲

$(':"-3,&4 5.(2!, "#*(+(, *(,,-.#/%% 1'4UC |t=t0✱ 7.()! 5!7%&'%.: +3%"53&.✲

+-= 53'%7%+- I ′L|t=t0✳ ➘'4 ?.(8( 2#&&,(.2%, *('3)#.3':+!@ *(+.-2L−C $(&'3

"#,!*#+%4 *'=7# K % "#$%A3, 1'4 +38( -2#5+3+%3 &(8'#&+( "#*(+- ✃%298(C#

1'4 *(+.-2(5 5 &#,(, ()D3, 5%13

UL + UC = 0.

❮#$(,+%,✱ 7.( "#*(+ ✃%298(C# 1'4 *(+.-2(5− ?.( "#*(+ &(92#+3+%4 ?+328%%✳
➶ &5(= (73231: "#*(+ &(92#+3+%4 ?+328%% − ?.( -+%532&#':+!@ "#*(+✱ *(.(✲
2!@ 5!$('+43.&4 5&381#✱ 5 .(, 7%&'3 % 5 ,(,3+. *(,,-.#/%%✦ G.( "+#7%.✱ 7.(

-2#5+3+%3 ✃%298(C# ,(H+( $323$%&#.: 5 5%13

UL|t=t0 + UC |t=t0 = 0.

➬#$%A3, ?.( 5!2#H3+%3 5 45+(, 5%13

L

[
IL
dt

]

t=t0

+
1

C

∫ t=t0

−∞
IC(ξ)dξ = 0. ✭✶✳✷✾✮
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!)-,: -+&6 ,: E,) - 0)-,)$,&6:!)✳ ➬ + B #&F&! ✳ ➘6$ ?-"&F!)D) . (#&F&!'$
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9%,%(%$$*8 y ✭-;1,1-+#✮

y =
dx

dt
,

1+;* !

dt =
dx

y
,
d2x

dt2
=

dy

dt
= y

dy

dx
.

<1 -+!/.( $1/*8 9%,%(%$$*8 / ✭✷✳✶✮ . 91"*3.( 9,%1),!?1/!$$1% *,!/$%$.%

dy

dx
=

f(x, y)

y
, ✭✷✳✷✮

19.-2/!8@%% A/1"8B.8 C.?.3%-;1& -.-+%(2 / * 1)$2D 9%,%(%$$2D − x ✭;1✲

1, .$!+!✮ . y ✭-;1,1-+#✮✳ <,./% %(  "0 *)% .+%"#$1-+. %@%  /! !,F*(%$+! /

91"#?* $1/2D 9%,%(%$$2D x✱ y✳ ➬!(%+.(✱ /1✲9%,/2D✱ 3+1 .(%$$1 A+.(. 9%,%✲

(%$$2(. 19,% %"08+-0 91+%$B.!"#$!0 U = U(x) . ;.$%+.3%-;!0 T = T (y)

A$%,F.. -.-+%(2✳ ➶1✲/+1,2D✱ - (!+%(!+.3%-;1& +13;. ?,%$.0 .(%$$1 A+1+ $!✲

)1, 9%,%(%$$2D (x|t0, x′|t0 = y0) /2 %"0%+ % .$-+/%$$1 /%,$1% ,%'%$.% .? /-%F1
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 !"✳ ✷✳✶✳ ❮'()'*+,-!, (,),.,/,-!0 123,4 -' 5'62*27 (+2"42"1!

P-#-3 0-:,-&1$00!% 2 B&).$0)3  !"$# !+'%1!&1$0-  $6✱ " ! & &$,F0$5 :!✲

1':1!%#!% ) y = dx/dt > 0✱ -  -# #-# &,$63 t &%$=B- '&$1)")&-$ %3✱  ✳$✳ dt > 0✱

 ! < ! *0-") ✱ " ! &$1)")0- dx  !.$ B!1.0- +7 2 +!12H$ 0'13✳ Q&$1)"$0)$ x

!*0-"-$ B&).$0)$ &:,-&!✳ ➘13 0).0$5 :!1':1!%#!% ) y < 0✱ )✱ -0-1!=)"0!✱

dx < 0✱  ✳$✳ B&).$0)$ !%'9$% &13$ %3 &1$&!✳
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 !"#$%!" ✷

'()"!*+ %,(+-%",.. /+,+$+-(0% "$1 x !$+23( /"3 /,45*5 627"5✳ 9($$5"%✲

,.5 $ ;",5(71<"# %"=-. ),+<.4 !+7.=.<6✱ $%"4?60 ! 7+!"# =($%. 6,(!<+<.4

✭✷✳✷✮✳ B%" /,".)!"3<(4 ;6<-C.. y /" (,265+<%6 x . ! ,($$5(%,.!(+5"5 $76✲

=(+ 63"D<" /,.D+2<6%1 - 2+"5+%,.=+$-"# .<%+,/,+%(C.. /,".)!"3<"#✳ ➪63+5

,($$5(%,.!(%1 dy/dx -(- %(<2+<$ 627(✱ "D,()"!(<<"2" -($(%+71<"# - ;()"!"#

%,(+-%",.. y(x) . "$10 x✳ F"23( /,. /+,+$+=+<.. y(x) "$. x )<(=+<.+ ;6<-C..

y /" "/,+3+7+<.0 ,(!<" <670

(
dy

dx

)

y=0

=
f(x, 0)

0
→∞,

( %(<2+<$ 627( <(-7"<( -($(%+71<"# $%,+5.%$4 ! D+$-"<+=<"$%1✳ B%" )<(=.%✱ =%"

62"7 5+G36 -($(%+71<"# - ;()"!"# %,(+-%",.. . "$10x $"$%(!74+% π/2 ,(3.(<✱

=%" . %,+D"!(7"$1 /"-()(%1✳

 !"#$%!" ✸

❰$"D*+ %"=-. ;()"!*J %,+-%",.# $""%!+%$%!60% /"7"G+<.45 6$%"#=.!"2"

. <+6$%"#=.!"2" ,(!<"!+$.4✳ K"4$<.5✱ !"✲/+,!*J✱ =%" "$"D*5. <()*!(0%$4 %(✲

-.+ %"=-. (xi, yi = 0) ;()"!*J %,(+-%",.#✱ ! -"%",*J -($(%+71<(4 - ;()"!"#

%,(+-%",.. <+ "/,+3+7+<(

(
dy

dx

)

xi,yi=0

=
f(xi, 0)

0
=

0

0
.

❰DL4$<.5 $5*$7 "$"D*J %"=+-✳ ❮(/"5<.5✱ =%" ;.).=+$-.# $5*$7 ;6<-C..

f(x, y) − N%" D(7(<$ $.7 .<+,C.. . !")!,(?(0?.J $.7✳ 9(!+<$%!" <670 N%"#

;6<-C.. ! "$"D"# %"=-+ (xi, yi = 0) ")<(=(+%✱ =%" <( ;.).=+$-"+ %+7" ! N%"5

$"$%"4<.. ✭-"%","+ .)"D,(G(+%$4 %"=-"# (xi, yi = 0)✮ 3+#$%!6+% <67+!(4 ,(!✲

<"3+#$%!60?(4 !$+J !<+O<.J $.7✱ ( N%" )<(=.%✱ =%" 6$-",+<.+ %+7( ! N%"5 $"✲
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 !"#$%% &'($" $)*+✳ - .&)/"0  !"&"$1✱ ( " "3"0 !"456  5"&" !7 !6*' yi = 0

&'($' $)*+✳ ➴ *%  5"&" !7 % ) 5"&6$%6 !6*' &'($1 $)*+✱ !" !6*" $'9".%! # (

 " !"#$%% :"5"#✳ ;'5%< "3&'="<✱ <1 :&%>*% 5 " $"($"<) (1(".)✿ " "3'# !"45'

%="3&'@'6!  " !"#$%6 :"5"# A%=%46 5"/" !6*'✳

✃'5 %=(6 !$"✱  " !"#$%6 :"5"# 31('6! ) !"04%(1< *%3" $6) !"04%(1<✱ 4!"

":&6.6*#6! # :"(6.6$%6< A)$5C%% :"!6$C%'*7$"0 D$6&/%% U(x) ( "5&6 !$" !%

" "3"0 !"45%✳ ✃'5 %=(6 !$"✱ :"!6$C%'*7$'# D$6&/%#− D!" A)$5C%# !"*75" 5"✲

"&.%$'!✳ ❮' :"(6&9$" !% ➬6<*% ✭( :&%3*%@6$%% <'*" !% (6&!%5'*7$19 :6&6✲

<6I6$%0 :"  &'($6$%+  &'.%) "< :*'$6!1✮ U(x) = mgz(x)✱ /.6 m − <'  '

!6*'✱ ' g − ) 5"&6$%6  ("3".$"/" :'.6$%#✱ z(x) − (1 "!' :".$#!%# !6*' "!$"✲

 %!6*7$" $65"!"&"/" )&"($#✱ :&%$#!"/" =' $)*6("0✳ K&% D!"< :&"A%*7 /"&$"/"

*'$.>'A!' :"*$" !7+ :"(!"&#6! (%. A)$5C%% :"!6$C%'*7$"0 D$6&/%% ✭ !"4✲

$" !7+ ." <' >!'3%&)+I6/" <$"@%!6*#✮ A%=%46 5"/" !6*'✱ :6&6<6I'+I6/" #

:" D!"0 <6 !$" !%✳ L!" "3 !"#!6*7 !(" :"=("*#6! :&%36/$)!7 5 %$!)%!%($" :"✲

$#!$"<) &% ✳ ✷✳✷✳

 !"✳ ✷✳✷✳ ➹&'()* +'&,!-. +&/0&'120 /!3 +&02(4!5-.(&* 6(2'7!! U(x)✳ ➹&'()2 /2'8!() ✭0&:✲
<! (2="0&*:!/&7& '5/(&/2"!1✱ &?&@(5:2(()2 <'2"05A!✮ /"2735 :2'23=C0"1 " +2'2/5-5A! ✭0&:✲

<! ="0&*:!/&7& '5/(&/2"!1✱ &?&@(5:2(()2 <'=D<5A!✮

❮' &% )$56 %="3&'@6$1 !"45% ) !"04%("/" % $6) !"04%("/" &'($"(6 %#✱ /.6

"!46!*%(" (%.$' %9 ='5"$"<6&$'# " "36$$" !7 46&6."('$%#✳ ❰3 ).%< (%. :"!6$✲

C%'*7$"0 D$6&/%% U(x) ( "5&6 !$" !% !"45% xi✱ 6 *% "$' #(*#6! # !"45"0 ) !"0✲
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 !"#$# %&"'#"()!*✳ ➶ -.#/ )01 &( 2%! "3"(4('!! .(0& !5 2#0#6('!* %&"'#"()!*

'& '(7#089#( %&)).#*'!( ξ ✭40* /3)0(''#$# -;)2(%!/('.& 14#7'# 2%(4).&"0*.8

)(7( 9&%!;✮ %&"'#4(=)."1>?&* )!0& 714(. ).%(/!.8)* "(%'1.8 ($# #7%&.'#✱ .&;

;&; U(xi + ξ) > U(xi)✱ & ~f = −∇U(x)✳

➮5 ")($# );&5&''#$# '&2%&9!"&(.)* "3"#4 # .#/✱  .# 40* /&.(/&.! ();#$#

&'&0!5& 2#"(4('!* ;#0(7&.(08'#= )!).(/3 '&/ '(#7B#4!/# &'&0!5!%#"&.8 "!4

2#.('C!&08'#= -'(%$!! U(x) " #;%().'#).! ")(B #)#73B .# (;✳ ➘0* -.#= C(0!

2%(4).&"!/ E1';C!> U(x) " "!4( %*4& F(=0#%&

U(xi + ξ) = U(xi) +
1

1!

(
dU(x)

dx

)

x=xi

ξ +
1

2!

(
d2U(x)

dx2

)

x=xi

ξ2 + ... ✭✷✳✸✮

➶.#%#( )0&$&(/#( 2# )"#=)."1 #)#7#= .# ;! %&"'# '10>✳ I0(4#"&.(08'#✱ 40*

.#$#✱  .#73 2#'*.8✱ 1).#= !"# !0! '(1).#= !"# 2#0#6('!( %&"'#"()!* " .# ;(

xi✱ '(#7B#4!/# 2#)/#.%(.8 '& 5'&; ".#%#= 2%#!5"#4'#=d
2U(x)/dx2 " -.#= .# ;(✳

➴)0! (
d2U(x)

dx2

)

x=xi

> 0,

5'& !.✱ -.# 1).#= !"#( 2#0#6('!( %&"'#"()!*✳ ➴)0! 6( -.& 2%#!5"#4'&* /('89(

'10*✱ .# 2#0#6('!( %&"'#"()!* '(1).#= !"#(✳ ➶ )01 &( 1).#= !"#$# %&"'#"()!*

E&5#"3( .%&(;.#%!! " #;%().'#).! -.#= .# ;! !/(>. "!4 -00!2)#" ! .# ;&

2%!'&40(6!. ; .!21 ✑C('.%✑✳ ➶ 2%#.!"'#/ )01 &( E&5#"3( .%&(;.#%!! !/(>.

"!4 $!2(%7#0✱ ! .# ;& 2%!'&40(6!. ; .!21 ✑)(40#✑✳

✷✳✸✳ #$%&'()*+,* -'.$(/0 1$2&2*&$( 3*&$4$3

,.$5),+

L%!/('!/ 2#01 (''3( 5'&'!* '& 2%&;.!;(✱ %(9!" .!2#"1> 5&4& 1✳
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➬!"!#! ➑ ✽

❮!'()*+!,- .!/*+01 2*','3, )(),340✱ "+(637(3 8*,*'*1 *2()0+!3,)9 :'!+✲

737(34

dy

dx
=

f(x, y)

y
,

! +*/+'!<!=<!9 )(>! (433, +("

f(x, y) = −x+
1

3
x3.

?*),!'!34)9 (/>*6(,- '3@37(3 /!"!#( + +("3 :7(+3')!>-7*A* !>A*'(,4!✱ *,✲

+>38!9)- 7! 73*BC*"(403 2*9)737(9✳

E!A ✶✳ ❮!1"34 *)*B03 ,*#8( −  !"#$ %&'(!')*$+ $**,)-.)/!0 *$* )/1✳ ❮&✲

"$(& 5 ()!67!-$/! $/)((! * 8 !9! :&9&✱ <! !/. " ! !*!61)  !"#$− 8 ! *&/1)

'&=(1)  !"#$ (& >&?!'!0 <,!*#!* $✱ '*) <!')-)($) >$?$")*#!0 *$* )/1 !<%)✲

-),+) *+ $/)((! $/$✳ ➬-)*5 ./)* (! <%$')* $ &,,A?$A # '1"$*,)($A $( )9%&✲

,!' '  )!%$$ >.(#B$0 #!/<,)#*(!0 <)%)/)((!0✱ #!9-& $( )9%&, <! ?&/#(. !/.

#!( .%. ! ()#! !%!0 >.(#B$$ F (Ẑ) <!,(!* 5A !<%)-),+) *+ ,$:5 *.//!0 '1✲

") !' ' !*!617  !"#&7 ❘❡E(F (Ẑ), Ẑi) 8 !0 >.(#B$$✳

➮ &#✱ (&0-)/ '*) xi✱ ' #! !%17 f(xi, y) = 0✱  ✳)✳ %):$/ .%&'()($)

−x+
x3

3
= 0.

✃!%($ .%&'()($+ '1"$*,+A *+ .* (!✿ x1 = 0✱ x2 =
√
3✱ x3 = −

√
3✳

I&9 ✷✳ ➮**,)-.)/ (&0-)((1) !*!61)  !"#$ (& .* !0"$'!* 5✳ ➘,+ 8 !9! '1✲

"$*,$/ ' !%.A <%!$?'!-(.A U(x)✳ L&# #&# fx = −dU(x)/dx✱  !

d2U(x)

dx2
= −df(x, y)

dx
= 1− x2.
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 !"#$%&'( )'#*!&+, -.%),.'/

(
d2U(x)

dx2

)

x=x1=0

= 1 > 0,

(
d2U(x)

dx2

)

x=x2=
√
3

= −2 < 0,

(
d2U(x)

dx2

)

x=x3=−
√
3

= −2 < 0,

'- 0!$!1+2 &'".!✱ )$! x1 − 4$! 5#$!6)'&!, 7!*!8,.', 1%&.!&,#'/ ✭$!)0% $'7%
✑;,.$1✑✮✱ % x2✱ x3 − .,5#$!6)'&!, ✭$!)0' $'7% ✑#,"*!✑✮✳ ➬%(,$?$,✱ )$! !.'✱ 0%0

' @+*! 7!"(,),.! 1%.,,✱ ),1,"5A$#/ (,8"5 #!@!6 .% !#' x✳ B0%-%..!, !@#$!/✲

$,*?#$&! 7!-&!*/,$ !#5D,#$&*/$? #%(!71!&,105 .% 4$!( 4$%7, 1,E,.'/ -%"%)'✳

F%G ✸✳ ➮-!@1%-'( !#!@+, $!)0' .% J%-!&!6 7*!#0!#$' ' #!!$&,$#$&5AD',

J%-!&+, $1%,0$!1'' & '2 !01,#$.!#$' ✭#(✳ 1'#✳ ✷✳✸✮✳

 !"✳ ✷✳✸✳ ➮'()*+,-.!- ("()/0 1(2-3 .+ 4+'(5(6 78("3("1! ! 4+'(5/- 1*+-31(*!! 5 !0 (3*-"1✲

.("1!

L,0!(,."%;'' 7! &+7!*.,.'A 4$!G! E%G% -%*A)%A$#/ & $!(✱ )$! 1'#5.!0

J%-!&!6 7*!#0!#$' 71,"7!)$'$,*?.! &+7!*./$? &+$/.5$+( 7! G!1'-!.$%*'✱ $%0

0%0 !#.!&.+, 4*,(,.$+ .%2!"/$#/ *'@! .% !#' x✱ *'@! &@*'-' .,➻✳ N%08, 8,*%✲

$,*?.! &+@1%$? $%0!6 (%#E$%@ !#' x✱ )$!@+ !#!@+, $!)0' @+*' &'-5%*?.! 1%-✲

✸✽



 !"#$%& #' (#')"%*+,#&* -'..%/0#"0✱ ! 2-/%"!#/3 .+$)'* 4$ *% %-$ #/ -'(/✲

4-'%,.0✱ 6'6'0 7'(/!'0 %-'*6%/-"0 6'6/8 /4+'.%" 2-"#' +*9"%✳ ;-'($ 2/.+*

/4/(#')*#"0 /./4&< %/)*6 .+* $*% #'-"./!'%, 1− 3 7'(/!&* %-'*6%/-"" !/(+*

#"<✳ =-" >%/3 .-'($ 9* #*/4</ "3/ -"./!'%, .%-*+/)6"✱ $6'(&!'?@"* #'2-'!✲

+*#"* >!/+?A"" "($)'*3/8 .".%*3&✳ ✃'6 3& !&0.#"+" -'#**✱ >%" .%-*+/)6"

"3*?% / #/(#')#/* #'2-'!+*#"*✱ #/✱ #*.3/%-0 #' !.? /)*!" #/.%,✱ *.%, .%-/C/*

%-*4/!'#"*✱ 2-* D0!+0*3/* 6 7'(/!&3 2/-%-*%'3✱ ./C+'.#/ 6/%/-/3$ #'+")"*

.%-*+/)*6 0!+0*%.0 /40('%*+,#&3✳ ; 2/("A"" #'"4/+** /4@"< '-C$3*#%/! 2-"✲

)"#' >%/C/ %-*4/!'#"0 6-/*%.0 !/ !%/-/3 ('6/#* %*-3/ "#'3"6"✱ -*C+'3*#%"-$✲

?@*3 #'2-'!+*##/.%, !.*< 7"(")*.6"< 2-/A*../!✳ ➮3*##/ / #/(#')#'0 #'2-'!✲

+*##/.%, 7'(/!&8 %-'*6%/-"8 7/-3'+,#/ /%+")'*% "< /% 2-"!&)#&< C-'7"6/!

3'%*3'%")*.6"< 7$#6A"8✳

F'C ✹✳ =/.%-/*#"* "(/6+"#  +0 #'"4/+** 2-/.%&< .+$)'*!✳ ➮%'6✱ "(/6+"✲

#& − >%/ 6-"!&* #' 7'(/!/8 2+/.6/.%"✱ 0!+0?@"*.0 C*/3*%-")*.6"3 3*.%/3

%/)*6✱ ! 6/%/-&< 6'.'%*+,#&* 6 7'(/!&3 %-'*6%/-"03 "3*?% / "# " %/% 9*

$C/+ #'6+/#' 2/ /%#/H*#"? 6 /." x✳ ➶.2/3#"3✱ )%/ $-'!#*#"*  !"9*#"0 ✭✷✳✶✮

! +*!/8 )'.%" ./ *-9"% dy/dx✳ N%' !*+")"#' 0!+0*%.0 %'#C*#./3 $C+' #'6+/#'

6'.'%*+,#/8 6 7'(/!/8 %-'*6%/-""✳ O%/4& 2/.%-/"%, "(/6+"#$✱ ('7"6."-$*3

(#')*#"* dy/dx "  +0 2-/.%/%& !&4*-*3 %'6/* (#')*#"* $C+'✱ )%/4& (#')*#"*

*C/ %'#C*#.' 4&+/ 4& $ /4#/ ".2/+,(/!'%, !  '+,#*8H"< $.%#&< !&)".+*#"0<✳

P'6"3" 2-/.%&3" $C+'3"✱ 6/#*)#/✱ 0!+0?%.0 0✱ π/4 " −π/4✳ ❰4&)#/ >%"< (#'✲

)*#"8 0!+0*%.0  /.%'%/)#/✱ )%/4& 2".,3*##/ -*H"%, (' ')$ 4*( 2-"!+*)*#"0

!&)".+"%*+,#/8 %*<#"6"✳

➮%'6✱ !&4"-'*3 2*-!&8 $C/+ π/4 " #'8 *3 $-'!#*#"* "(/6+"#&✿

(
dy

dx

)

ϕ=π/4

= tg(π/4) = 1.
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 !"#$ %&$'()(*) +%#), (
x3

3
− x

)

y
= 1.

-,! %&$'()(*) .%+*/)0.!1 2!&$+!34✳ ❮$&*0%)7 )) ($ 8$9!'!7 2!&,&),) * ($ ()1

($()0)7 :,&*;*✱ *7)=>*) 8*.0*&!'$((41 ($.3!( . !0* x ✭$ () . 2$&$+!3)✦✮✱

&$'(41 π/4✳ ➬$7)/$(*)✿ &*0!'$,D *9!.3*(4 * :,&*;* 3%/:) '0)"! .$&$(#$:!7✱

,$. .$. !(* E'3E=,0E '02!7!"$,)3D(47* #),$3E7*✱ * *; !+*3D(!) 9$"&!7!F#)✲

(*) 7!F), !03!F(*,D $($3*9 .!()/(!"! 8$9!'!"! 2!&,&),$✳ ➚($3!"*/(! &*0%)7

',!&%= *9!.3*(% #3E %"3$ ϕ = −π/4✳

 !"✳ ✷✳✹✳ &'()*+ !,-./!0* 0* 1*,-)-2 3/-".-"4!

➶ J,!7 03%/$) tgϕ = −1 * 74 0(!'$ 2!3%/$)7 .%+*/)0.%= 2$&$+!3%✱ 2!3(!0,D=
0*77),&*/(%= !,(!0*,)3D(! !0* y✳ K,&*;*✱ E'3E=>*)0E .$0$,)3D(47* . 8$✲

9!'47 ,&$).,!&*E7✱ #!3F(4 &*0!'$,D0E 2!# ()*97)((47 %"3!7 2! !,(!:)(*=

. !0,* x✱ ' 2&!,*'(!7 03%/$) *9!.3*(4 +%#%, ,!3D.! 7):$,D &*0!'$,D 8$9!'41

2!&,&),✳

✹✵



 !"✳ ✷✳✺✳ ➶'()*+ !,(-.!/* /* 0*,(1(2 3.("-("'!

 !" ✺✳ %& '&()&*&+,,-. /0&12/,!. ,!*/(&3!)4 &()!24,-+ 5!0&3-+ )*!+1✲

)&*//✳ ➬!.+)/.✱ 9)& 5!0&3-+ )*!+1)&*// ,+ .&":) '+*+(+1!)4(;✱ )!1 1!1 '+*+✲

(+9+,/+ <3:= )*!+1)&*/> 3 ,+1&)&*&> )&91+ &0,!9!+) *!3+,()3& '&)+,?/!24,&>

/ 1/,+)/9+(1&> @,+*"/> (/()+.- 3 @)&> )&91+✱ 9)& ,+3&0.&A,& '*/ *!02/9,-=

0,!9+,/;= '&2,&> @,+*"// 3 (/()+.+✳

 !"✳ ✷✳✻✳ 5*,(167 ')*7-'()!! /* 0*,(1(2 3.("-("'!

 !" ✻✳ %&()*&/)4 (+'!*!)*/(: − 5!0&3:C )*!+1)&*/C✱ *!0<+2;CD:C )&✲
'&2&"/9+(1/ *!0,-+ &E2!()/✳ %&()*&/)4 5:,1?/C U(x)✱ (&'&()!3/)4 ++ 3/< (
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 !"#$%&&'( )*+!,'(  !-.-%.!(✱ 01%"*.2 ,',!1'✳ ❮* -50✳ ✷✳✼ 5+!8-*9➻& !;!&✲

$*.%"2&'= )*+!,'=  !-.-%. 050.%('✳ ➷5-&!= "5&5%= ,'1%"%&* 0% *-*.-50*✳

?!@"*0&!  -*,5"# !&* !8A+*.%"2&!  -!B!15. $%-%+ .!$;5 .5 * ✑0%1"!✑✳

 !"✳ ✷✳✼✳ ❰'()*+,-./)01 2+3(401 5(6,6-, " ,(5(.(7!*-"'! 6+3.!*)08! (9.+",:8! ✭<(5(.)!✲

,-./)0- 5(",6(-)!: ><+.-)0 <.: )+7.:<)(",!✮✿ (9.+",/ A − (9.+",/ '(.-9+,-./)(7( <4!A-✲

)!:✱ B,C,D,E − (9.+",! !)2!)!,)(7( ✭56(",6+)",4-))( )-(76+)!*-))(7(✮ +5-6!(<!*-"'(7(

<4!A-)!:

➶'$50"5(  !.%&E5*"2&#F G&%-@5F 5+#$*%(!= )5+5$%0;!= 050.%(' ✭0 .!$✲

&!0.2F 1! ;!&0.*&.' U0✮ 5 ;*$%0.,%&&!  !0(!.-5(✱ ;*;5% -%95(' 1,59%&5=

,!+(!9&' , 050.%(%✿

U(x) = −
∫

f(x)dx = −x4

12
+

x2

2
+ U0.

K!0.-!5( ;*$%0.,%&&'= @-*)5;  !"#$%&&!= )#&;E55 5  -!,%1%( ('0"%&&'=

! '.✱ $.!8' "#$L%  !&A.2 !0!8%&&!0.5 1,59%&5= 5+#$*%(!= 050.%(' , -*+"5$✲

&'B -%95(*B✱ !8!+&*$%&&'B &* )*+!,!=  "!0;!0.5 "5.%-*(5 A,B,C,D,E✳ ?

G.!= E%"2F 0! !0.*,5( U(x) &%;!.!-'=  -!)5"2 "*&1L*).* 5 ('0"%&&!  -%1✲

0.*,5( 0%8% ,0% ,!+(!9&'% 1,59%&5A L*-5;*  ! G.!(# "*&1L*).#✳ ❮* -50✳ ✷✳✽

✹✷



 !"#$%&'() *+' *"!,"&()' -* &'( . * +""/*'/+/*  + "#"!(%0'( ', "#1%+/'2

(% 3%!"*", 4"$/$'/'✳ 6$'-+/%*1'(()' $ +7(8 (%+/"198" 4"-$"#()✱ 0/" -"4"1✲

( /'19()' 8",,'(/%$   !1 <( ✳

 !"✳ ✷✳✽✳ ❒'"()**'+ ,-".)/!0)*1✳ ❮!3*!+ ./45'+ /!"6*7- "7715)1"156)1 85!3)*!9 .7 ")✲

.4/41/!")✱ 4 <)/*') "1/)(-! 6-4='5491 *4 .7(73)*!) *)6"17+<!57>7 /45*75)"!?

❰#+7&-'( ' !%-%0 ✳ ❒)  !"#$%! 1 3%!"*)2 4"$/$'/  !70%',"2 3 ! 0'✲

+8"2 + +/',)✱ "-(%8" -" +%,"?" @/"?" ,",'(/% (%, (' #)1" 0'/8" +3"$,71 ✲

$"*%(% A'19✱ $%- 8"/"$"2 #)1% 4$"-'1%(% @/% #"19<%. $%#"/%✳ ❰+("*(%. A'19

− @/" 4"( ,%( ' /"?"✱ 8%8 ' -* &'( . *"!,"&() * + +/','✱  8%8 "( #7-7/

$'%1 !"*)*%/9+.✳ ❮' ,'('' *%&(%. 4$ 0 (%✱ 8"/"$%. ,"&'/ 4"#7- /9  (&'('$%

+"+/%* /9 3%!"*)2 4"$/$'/ − @/" &'1%( ' $%!"#$%/9+. + /',✱ 8%8 ' (%0%19()'

7+1"* . ('"#C"- ," !%-%/9 * + +/','✱ 0/"#) 4"170 /9 &'1%',)2 $'& , -* &'✲

✹✸



 !"✳ $%&'()*+,)&✱  *.%!/&%✱ 0)1 %&2➻  *4 5*'*0* 4+64&)(4 0*(),7 %*81)9 .1

.%1&:)!%1+* !7  &:1)1%1;1 <6&:)%!0&(:1;1 ;& &%*)1%*✳ ➶ <)1/ (6>0*&✱ ;64'4

 * ?*51+9" .1%)%&)✱ /1@ 1 (:*5*),✱ 0)1 .%! +:670& !! + &2 &;1 !()10 !:*

.!)* !4 ?!5!0&(:!& +&6!0! 9✱ 1.!(9+*7A!& %*81)> ;& &%*)1%* ✭:11%'! *)&x

(11)+&)()+>&) 5*%4' q✱ * (:1%1()! y (11)+&)()+>&) (!6* )1:* I✮ '16@ 9 1' 1✲

+%&/&  1 .1.*(), + 186*(), A✳ ➶ <)1/ (6>0*& >()%1"()+1 (/1@&) ;& &%!%1+*),

:16&8* !4✱ * + .%1)!+ 1/ (6>0*&  * +9E1'& >()%1"()+* 8>'&)  *867'*),(4  &:!"

*.&%!1'!0&(:!" !/.>6,(  *.%4@& !4✳

➬*'*0* %&2& *✳ G H&6,7 '&/1 ()%*H!! %&2!/ &A& 1' > 5*'*0>  * %*((/*)✲

%!+*&/>7 )&/>✳

➬*'*0* ➑ ✾✳ ❮*%!(1+*), ?*51+9" .1%)%&) (!()&/9✱ '+!@& !& :1)1%1" 1.!✲

(9+*&)(4 >%*+ & !&/

dy

dx
=

f(x, y)

y
,

* +15+%*A*7A*4 (!6* !/&&) +!'

f(x, y) = x2.

L&2!/ 5*'*0> .1 !561@&  1/> +92& *6;1%!)/>✳ ➮)*:✱  * .&%+1/ 2*;& %&2& !4

 &18E1'!/1  *")! +(& 1(189& )10:! xi✱ + :1)1%9E f(xi, y) = 0✿

x2 = 0,

1):>'* .16>0*&/ :1% ! >%*+ & !4 x1,2 = 0✳ ❮* +)1%1/ 2*;&  &18E1'!/1 !((6&✲

'1+*),  *"'&  9& 1(189& )10:!  * >()1"0!+1(),✳ ➘64 <)1;1 +90!(6!/ +)1%>7

.%1!5+1' >7 U(x)
d2U(x)

dx2
= −df(x, y)

dx
= 2x

✹✹



 !"#$%&' ( ) $*"'"+ ,-&)+- + '.) $*+--"/" 0"1-2

(
d2U(x)

dx2

)

x=0

= 0.

3&0"4 $*5)&4 -&( 1&-++ -+ "/"'&1 '&*$2✳ 3+( -+ (+-++ ("7-" 57+ $+4)&$ $#+✲

*&%9 '.'"# " %"(✱ )%" $5;+$%'5<;++ ' $ $%+(+ !"*"7+- + 1&'-"'+$ 2 ' %")0+

$ 0""1# -&%"4 x = 0 -+ 2'*2+%$2 - 5$%"4) '.( ✭✑?+-%1✑✮✱ - -+5$%"4) '.(

✭✑$+#*"✑✮✳ A1"$*+#5+( #&*++ !" "B",-&)+--"(5 &*/"1 %(5  !"$%1" ( C&,"'.4

!"1%1+%✳ ➘*2 E%"/" !"$%1" (  ,"0* -. #*2 -& B"*++ !1"$%.F $*5)&+'✳ ➶.B ✲

1&+( !+1'.4 5/"* π/4  -&4#+( 51&'-+- +  ,"0* -.

(
dy

dx

)

ϕ=π/4

= tg(π/4) = 1.

3"/#& 51&'-+- + B5#+% y = x2. H%" 51&'-+- + 0'&#1&% )-"4 !"1&B"*.✳ ➶.B 1&✲

+( '%"1"4 5/"* −π/4  -&4#+( 51&'-+- + '%"1"4  ,"0* -. y = −x2✳ ❮&1 $5+(
-& C&,"'"4 !*"$0"$% !"*5)+--.+  ,"0* -. ✭$(✳ 1 $✳ ✷✳✾✮✳

 !"✳ ✷✳✾✳ ➮'()*!+, +- .-'(/(0 1*(")("2!

✹✺



➮!"#$%&'()* )!"+,)(✱ + ."&%,'()/✱ (' 0"123 4",(".35/ 4$"*.()35 .)32%✲

7)/✳ ➶ 3%+): ('4$".3;: .,2<%*: ('"#:"=)0" .$%!2 "#$%>%35.* + %(%,)!2 ?)=%

4"3'(7)%,5("@ A('$1))

U(x) = −
∫

f(x)dx = −x3

3
+ U0.

➚.)00'3$)<(;@ ?)= 4"3'(7)%,5("@ A('$1)) .$%!2 "#C*.(*'3 $'!2,53%3✱ 4",2✲

<'((;@ (% ?3"$"0 D%1' %,1"$)30%✳ E$) "4).%()) 4"="#(;: F)!)<'.+): .).3'0

).4",5!2'3.* '>' "=)( 3)4 "."#;: 3"<'+− ?)=% ✑.'=,"✲7'(3$✑✳ ❰."#'((".35 A3"@
3"<+) !%+,/<%'3.* ? 3"0✱ <3" F%!"?;' 3$%'+3"$)) ? '➻ "+$'.3(".3) "3,)<%/3✲

.* 4" "#' .3"$"(;✳ ➶ (%D'0 .,2<%' ✭.0✳ $).✳ ✷✳✶✵✮ .4$%?% F%!"?;' 3$%'+3"$))

)0'/3 ?)= 1)4'$#",✱ % .,'?% − A,,)4."?✳

 !"✳ ✷✳✶✵✳ '()*+,- .*/0/10 " *"*2*- 0*34*- 0!.( ✧"167*✲91:0/✧

E".3$")0 +%<'.3?'((;@ 1$%F)+ 4",2<'(("@ F2(+7)) 4"3'(7)%,5("@ A('$✲

1)) U(x) ) 4$"?'='0 0;.,'((;@ "4;3✱ <3"#; ,2<D' 4"(*35 "."#'((".3) =?)&'✲

✹✻



 !" !#$%&'()" *!*+'(, - .&#/!% ,0 .'1!(&0✱ )3)# &%'  ,0  & 4&#)-)" 5/)*✲

7)*+! /!+'.&(! A,B✳ 9 :+)" ;'/<= *)5)*+&-!( U(x)  '7)+).," 5.)4!/< /& >✲

?&4+& ! (,*/'  ) 5.'>*+&-!( *'3' -*' -)#()1 ,' >-!1' !@ ?&.!7& 5) :+)($

/& >?&4+$✳ ❮& .!*✳ ✷✳✶✶ !#)3.&1' , -*' -)#()1 ,' >-!1' !@ - *))+-'+*+-!!

* )3)# &%' !'( )3/&*+'"  & 4&#)-)( 5).+.'+'✳ ✃&7 ! - 5.'>,>$E'" #&>&%'✱  &

4&#)-)( 5).+.'+' 5.!*$+*+-$'+ *'5&.&+.!*&✱ .&#>'/@=E&@ >-' +)5)/)F!%'*7!

.&# ,' )3/&*+!✱ ! -,0)>@E&@ !# +)%7! +!5& ✑*'>/)✲;' +.✑✳ ➬&>&%& .'?' &✳

 !"✳ ✷✳✶✶✳ ❒'"()**'+ ,-".)/!0)*1✳ ✃/3+*!+ ./34'+ /!"5*6- "6614)1"145)1 74!8)*!9 .6

").3/31/!")✱ ;)/*3< "1/)(-3 5-3='43)1 *3 .6(68)*!) *)5"16+;!46>6 /34*64)"!<✱ 4 -616/60

?3/!- 068)1 *3@67!1A"< *)6./)7)()**6) 4/)0<

➘) :+)F) -.'(' ! (, .'?&/! #&>&%! !*7/=%!+'/< ) 4).(&/< ) 5)>0)>@

7 !*0)> ,( $.&- ' !@(✱ )5!*,-&=E!( -!> -)#-.&E&=E'" *!/,✱  ' )3J@* @@

5.!%! 5)@-/' !@ 4$ 7;!! 7) 7.'+ )F) -!>&✳ K)7&1'(  & 5.!('.' */'>$=E'"

#&>&%! -'*< 5$+< 5)/$%' !@ $.&- ' !"✱  &%! &@ )+ & &/!#& !*0)> )" :/'7+.!✲

%'*7)" *0'(,✳

➬&>&%& ➑ ✶✵✳ ❮&.!*)-&+< 4&#)-," 5).+.'+ *!*+'(,✱ !#)3.&1'  )"  & *0'('

✭*(✳ .!*✳ ✷✳✶✷✮✱ '*/! -)/<+✲4&.&> &@ 0&.&7+'.!*+!7& 7) >' *&+).& )5!*,-&'+*@

$.&- ' !'(

U(q) =
1

C
(q3 − q).

✹✼



 !"✳ ✷✳✶✷✳ ✃'()*+,)(-./0 1'.,23 " .)(!.)0.'0 ➻51'",-6

 !"#$%&' (&)$'&*+",!+ -.$%)+)&+ "&"#+'/✱ (12 *+3! 4$5&6+' -.$%)+)&+

✃&.83!9$ (12 ,!)#-.$

UL + UC = 0, &1&

L
dI

dt
+

1

C

∫ t

−∞
I(ξ)dξ = 0.

➶/.$4&' "&1- #!,$ *+.+4 5.!&4%!()-; 4$.2($ 5! %.+'+)& & 5!1-*&'

L
d2q

dt2
+

1

C
(q3 − q) = 0.

❰*+%&()!✱ *#! '/ 5.&61& , (&)$'&*+",!'- -.$%)+)&; %&($ ✭✷✳✶✮

d2q

dt2
=

1

LC
(−q3 + q).

B.+!C.$4-+' -.$%)+)&+ , "#$)($.#)!'- %&(-✱ %%!(2 ✭(12 -4)$%$+'!"#&✮ 4$'+)-

5+.+'+))/8 x = q✱ y = x′ & %/C&.$2 -(!C)/D '$"6#$C 4$($*&✱ 5.& ,!#!.!'

LC = 1✿
dy

dx
=
−x3 + x

y
.

F$,&' !C.$4!' '/ 5.&61& , "#$)($.#)!D 5!"#$)!%,+ 4$($*&✱ ,!3($ %!4%.$G$✲

;G$2 "&1$ &'++# %&(

f(x, y) = −x3 + x.

✹✽



➘!"#$%&'%% (%'%$)% *!+!,) $% -(%./%- +010"$)-%"#$23 4055%$-!()%6✳

❮! 9-05 52 *!6%('!%5 :"!6/✱ 10<6=>%$$/? @!*0625 10(-(%-!5✳ ➘"= *!✲

4(%1"%$)= 10"/,%$$23 *$!$)& (%')-% <!50<-0=-%"#$0 <"%+/?>)% *!+!,)✳

➬!+!,! ➑ ✶✶✳ ❮!()<06!-# @!*062& 10(-(%- <)<-%52✱ +6)E%$)% 40-0(0& 01)✲

<26!%-<= /(!6$%$)%5

dy

dx
=

f(x, y)

y
,

! 60*6(!>!?>!= <)"! )5%%- 6)+

f(x, y) = x exp(−x).

➬!+!,! ➑ ✶✷✳ ❮!()<06!-# @!*062& 10(-(%- <)<-%52✱ +6)E%$)% 40-0(0& 01)<2✲

6!%-<= /(!6$%$)%5

dy

dx
=

f(x, y)

y
,

! 60*6(!>!?>!= <)"! )5%%- 6)+

f(x, y) = −x+ x2 + x3.

G()5%,!$)%✿ 0.(!-)-% 6$)5!$)% $! 0-"),)% +!$$0& *!+!,) 0- !$!"0:),$0&✱

(!*0.(!$$0& (!$%% 6 -%4<-% :"!62✱ *!4"?,!?>%%<= 6 $%<)55%-(),$0<-) ✑10-%$✲

J)!"#$0& =52✑ U(x) 0-$0<)-%"#$0 0<) 0(+)$!-✳

➬!+!,! ➑ ✶✸✳ ❮!()<06!-# @!*062& 10(-(%- <)<-%52✱ +6)E%$)% 40-0(0& 01)✲

<26!%-<= /(!6$%$)%5

dy

dx
=

f(x, y)

y
,

! 60*6(!>!?>!= <)"! )5%%- 6)+

f(x, y) = x2 − 1.

✹✾



➬!"!#! ➑ ✶✹✳ ❮!)*+,-!./ 0!1,-23 4,).)5. +*+.562✱ "-*859*5 :,.,),3 ,4*✲

+2-!5.+< =)!-959*56

dy

dx
=

f(x, y)

y
,

! -,1-)!>!?>!< +*@! *655. -*"

f(x, y) = cos(x), x ∈ −π..π.

✺✵



➹!"#" ✸

✃!"#$%&'( ) "'&#*&+,

-'.'/#01', 0'02#3%,

45' )&#6&#3 4#5'!7'/#01!3

)!.7#*02)''

✸✳✶✳ ❒$%&'$%()&*+(, $--$.$%

❮!"#$%&!% '(!)! *$")%&+,! -./0+,-1 2$(+3!#+(4,56 *7$8+""$) ) (-,+9✲

,56 "-"#+;!6 *7- ),+<,+; *+7-$=-0+"2$; )$.=+9"#)--✳ ❰3"/@=!1#"% )$*7$"5

'!7;$,-0+"2$'$ !,!(-.!✱ )2(10!1&-+ ) "+3% ;+#$= 7!.($@+,-% *+7-$=-0+"2-6

B/,28-9 ) 7%= C/74+ ✭7!.($@+,-+ ,! '!7;$,-2-✮ - ;+#$= 2$;*(+2",56 !;*(-✲

#/=✱ *$.)$(%1&-9 *7$!,!(-.-7$)!#4 /"#!,$)-)<-9"% 7+@-; 2$(+3!,-9 ) F(+2✲

#7-0+"2-6 2$,#/7!6✳ G$ /;$(0!,-1 *7+=*$(!'!+#"%✱ 0#$ 0-#!#+(4 /@+ .,!2$;

" /2!.!,,5;- #+;!;-✱ ! $",$),$9 8+(41 '(!)5 %)(%+#"% =+;$,"#7!8-% $=,$✲

)7+;+,,$'$ *7!2#-0+"2$'$ *7-;+,+,-% F#-6 ;+#$=$) *7- 7+<+,-- .!=!0 ) 2/7✲

"+ #+$7-- 2$(+3!,-9✳ ➮.($@-; ,+2$#$75+ *7$"#5+ "$$37!@+,-% $#,$"-#+(4,$

'!7;$,-0+"2$'$ !,!(-.!✳

✺✶



❮!"#$"%&'"()* +,&'!-!-&. /0,'"-&1!(2"/" 0-03&40 4023510!)(. 6 )"'✱ 1)"

")23&2 3&-!8-"8 (&()!'9 y(t) -0 6-!:-!! 6"4%!8()6&! x(t) '";-" 691&(3&)*

")-"(&)!3*-" +,"()" )"3*2" 6 )"' (3<10!✱ !(3& x(t) − /0,'"-&1!(2"! 6"4%!8✲

()6&!✳ ➶" 6(!$ "()03*-9$ (3<10.$ -!"#$"%&'" +"3*4"60)*(. %"+"3-&)!3*-9'&

'!)"%0'&✳ ➶ 10()-"()&✱ !(3& x(t) .63.!)(. 0+!,&"%&1!(2"8 @<-2A&!8✱ (3!%<!)

+"3*4"60)*(. +,!"#,04"60-&!' ❐0+30(0✱ 0 !(3& x(t) .63.!)(. +!,&"%&1!(2"8✱ )"

%"()0)"1-" +,&'!-&)* ,043";!-&! 6 ,.% C<,*!✳

D<)* /0,'"-&1!(2"/" 0-03&40 4023510!)(. 6 )"'✱ 1)" ✑(3";-0.✑ @<-2A&.

x(t) +,!%()063.!)(. 202 (<+!,+"4&A&. ✭(<''0✮ /0,'"-&2 − ")%!3*-9$✱ +" 69✲

,0;!-&5 020%!'&20 ❐✳ ➮✳ ❒0-%!3*:)0'0✱ − ✑(+!2),03*-" +,"()9$✑ ❬✸❪✱ /0,✲

'"-&1!(2&$ 2"3!#0-&8✳ ➘03!! 6"4%!8()6&! N)"8 ✑(3";-"8✑ @<-2A&& x(t) 40'!✲

-.!)(. (<''"8 6"4%!8()6&8 ")%!3*-9$ /0,'"-&2✳ O!4<3*)0) N)"/" 6"4%!8()6&.✱

)✳!✳ ")23&2 3&-!8-"8 (&()!'9 y(t)✱ 691&(3.!)(. 202 (<+!,+"4&A&. ")23&2"6 N)"8

(&()!'9 -0 20;%<5 &4 /0,'"-&2✳ P)0 "+!,0A&. .63.!)(. 6"4'";-"8✱ 2"-!1-"✱

#30/"%0,. (6"8()6< 3&-!8-"()& &4<10!'"8 (&()!'9 ✭6 -!3&-!8-9$ (&()!'0$ )02

+"()<+0)* -!3*4.✮✳ ❮0%" (2040)*✱ 1)" &%!. 40'!-&)* "%-< (3";-<5 @<-2A&5

-!(2"3*2&'& +,"()9'& 3!;&) 6 (0'"8 "(-"6! ,043";!-&. 35#"8 @<-2A&& 6

35#"8 ✭-!"#.40)!3*-" 6 ,.% C<,*!✮ @<-2A&"-03*-98 ,.%✳ ➘3. +,02)&1!(2&$

-<;% #960!) "1!-* +"3!4-" (@",'<3&,"60)* 2,0)2&! )!4&(9 ✭&-"/%0 6 <Q!,#

+"3-")! <1!#-"/" 2<,(0✮ +" -!2")","8 "#30()& 4-0-&8✱ 1)"#9 %"#&)*(. .(-"✲

()& &43";!-&.✳ ➶"4*'!' -0 (!#. ('!3"()* "#"#Q&)* 4-0-&. &4 "#30()& )!",&&

@<-2A&"-03*-9$ ,.%"6 ✭('✱ -0+,&'!,✱ ❬✹❪✮ '02(&'03*-" +,"()9' .492"'✿

➮!"#✱ %&' − (!) *+,,"✳ ."/0)12342 5 %&' − (!) +6%)72342✱ /"#089"8✲

722*& 5 !),✱ 9!) *0)13"& ;+3#<4& /",23&2!*& *+,,)= 32*#)0>#4? 6%)*!@?

;+3#<4=✳ ➮**02')5"342 %&'" 3" *?)'4,)*!> − (!) )62%"<4&✱ #)!)%"& 6)/5)✲

0&2! *#"/"!>✱ − 5)/,)13" 04 !"#"& +6%)7"87"& /",23" 404 32!✳ ➴*04 %&'

✺✷



 !"#$% &✱ %" ()*"+,-+,& .,/01, 2"./"31,✱ 0 4$ *&# *, !"#$% &✱ %" *, 54,✲

#72,%8 9(15:$- 2 *&# 1048.&✳

 !"#$%&'' !($)*+,' − ,""#$%!-*&,$ )'%* &* ".!%,/!"01 (!20, &,3!4%* &$

-5(!#&'$0"' - 0$!),, 3!#$6*&,7 (! (),2,&$ $➻ ,9650!2&!"0,✳ ➘$#! - 0!/✱ 20!✱

-!✲($)-5.✱ ">?$"0->@0 >"#!-,' ➘,),.#$− 2$03,$ 0)$6!-*&,'✱ ()$%A'-#'$/5$
3 -,%> B>&3+,, x(t)✳ ➴"#, x(t) &$ >%!-#$0-!)'$0 ,/✱ 0! )*"3#*%5-*01 $$ - )'%

D>)1$ &$#19'✳ E*3,/ !6)*9!/✱ -!()!" ! ".!%,/!"0, 3!&3)$0&!4! )'%* D>)1$

!652&! "&,/*$0"' $?$ %! $4! -52,"#$&,'✳ ➶!✲-0!)5.✱ )$*#1&! -"0)$2*@?,$"'

&* ()*30,3$ B,9,2$"3,$ ()!+$""5 (!20, -"$4%* !(,"5-*@0"' B>&3+,'/,✱ 3!0!✲

)5$ >%!-#$0-!)'@0 >"#!-,'/ ➘,),.#$ - ",#> $"0$"0-$&&5. (),2,& ✭&*(),/$)✱

!4)*&,2$&&!"01 ()!+$""!- (! ,&0$&",-&!"0, , -)$/$&, - ",#> 9*3!&* "!.)*&$&,'

H&$)4,,✮✳

✸✳✷✳ #$%$&'$ ()*)+ ,$-.*., /)0,.&'+$12./.

)&)3'()

 )!%$/!&"0),)>$/ ()*30,2$"3!$ ,"(!#19!-*&,$ /$0!%* 4*)/!&,2$"3!4! *&*#,✲

9* &* (),/$)$ !%&!7 0,(!-!7 9*%*2,✳

➬*%*2* ➑ ✶✺✳ ➘#' H#$30),2$"3!7 +$(,✱ ,9!6)*N$&&!7 &* ),"✳ ✸✳✶✱ &*70, !0✲

&!P$&,$ */(#,0>%5 -0!)!7 4*)/!&,3, 3 */(#,0>%$ ($)-!7 4*)/!&,3, &*()'✲

N$&,' &* 3!&%$&"*0!)$ (), >"#!-,,

ω =
ω0

2
,

4%$ ω − 2*"0!0* -5&>N%*@?$7 ",#5✱ ω0 − 2*"0!0* "!6"0-$&&5. &$9*0>.*@?,.
3!#$6*&,7 - 3!&0>)$ 6$9 (!0$)1✳

✺✸



 !"✳ ✸✳✶✳ &'()* +,(-./!0("-12 3(4! ✭- 6*7*0( ➑ ✶✺✮

➶!"#!$$ %&!'()*+,*$ -./*− 0"!"1*231 4/"521.6"-5.7 8"1.3).6"-5.7 53✲
/":*!.; U %3<)";-2%'"2 !* .<'6*"='+ >"8? !*81$("!."=✱ .<3:1*("!!3= !*

1.-✳ ✸✳✷✳

 !"✳ ✸✳✷✳ <1/)* "!=>*,* =(>(/*.1/* ✭- 6*7*0( ➑ ✶✺✮

➚/031.2= 1"#"!.$ <*)*6. -/")'+,.;✿

#*0 ➑ ✶✳ H"#.2? <*)*6' % -/'6*" 0*1=3!.6"-5303 %3<)";2-%.$❀

#*0 ➑ ✷✳ J1")-2*%.2? %!"#!++ %&!'()*+,'+ -./' % %.)" -'==& 0*1=3✲

!.6"-5.7 %3<)";-2%.; ✭1*</3(.2? "" % 1$) L'1?"✮❀

#*0 ➑ ✸✳ ❮*;2. -'8"183<.>.+ 325/.53% .--/")'"=3; -.-2"=& !* %&!'()*✲

+,"" %3<)";-2%."✳

➮2*5✱ !*6!"= - 32&-5*!.$ .-53=3; %"/.6.!& − !*81$("!.$ !* 53!)"!-*✲

231" UC(t) % -/'6*" 0*1=3!.6"-5303 %!"#!"03 %3<)";❝2%.$✳ ➘/$ 42303 <*="!.=

0"!"1*231 U(t) 0"!"1*2313= -.!'-3.)*/?!&7 53/":*!.; - 6*-2323; ω✳ ❒"23)3=

53=8/"5-!&7 *=8/.2') !*;)"=

ÛC =
ẐC

ẐC + ẐL + ẐR

Û =
1

1− ω2LC + jωRC
Û.

✺✹



 !"!#$!% & $!#'()*+,-% ./01!/-2%

ŨC =
1√

(1− ω2LC)2 + (ωRC)2
Ũ . ✭✸✳✶✮

➘92 *$:;'()0 $09</!#=!>: -'?:9<.:)0/-2 .0?-=!% %0(!%0(-1!'&:! )@"0A!/-!

$92 /0?"2A!/-2 U(t)

U(t) =





U0 cos(ωt), ?"-

(
4k − 1

2

)
π

ω
≤ t ≤

(
4k + 1

2

)
π

ω
, k ∈ Z

0, $92 )'!B :'(09</@B t✳

C0.9:A-% D*/&E-+ U(t) ) "2$ F*"<!✱ (✳!✳ ':?:'(0)-% H(:# D*/&E-- /:)*+

D*/&E-+ u(t)

u(t) = A0 +
∞∑

n=1

(An cos(nωt) +Bn sin(nωt)) ,

>$!

An =
2

T

∫ T/2

−T/2
U(t) cos(nωt)dt,

Bn =
2

T

∫ T/2

−T/2
U(t) sin(nωt)dt.

 "- H(:% n−2 >0"%:/-&0 ?"!$'(0)92!( ':;:# &:9!;0/-! ' 10'(:(:# nω✱ 0%?9-✲
(*$:# An - D0.:# ϕn

An =
√
A2

n +B2
n,

ϕn = arctg

(
Bn

An

)
.

➶ /0=!% '9*10! -'B:$/02 D*/&E-2 U(t) 2)92!('2 1➻(/:#✱ 1(: 9!>&: .0%!(/: ?:

!! '-%%!("-- :(/:'-(!9</: :'- :"$-/0(✳ L(: ./01-(✱ 1(: )'! /!1➻(/@! >0"%:✲

✺✺



 !"! #$% &  '() Bn = 0✳ ✃,-..!/!0 1& 20#03 cos(nωt) ,1(!4 & ,1  '(5 !

#$% &

An =
2

T

∫ T/4

−T/4
U0 cos(ωt) cos(nωt)dt =

−2U0

(n2 − 1)π
cos

(πn
2

)
.

6,73$ 20#%$5 ! %1,#$5 7$#8, !"! %9,3 ,7, :!7 $($ ✭% 0< 07, %,=30>:1%!5✮ #$%✲

 & :,,1%01:1%0  ,

u1(t) =
U0

2
cos(ωt),

u2(t) =
2U0

3π
cos(2ωt).

➬$801!8✱ 41, 2#! %&4!:(0 !! A1 2,1#0C,%$(,:D %,:2,(D=,%$1D:5 2#$%!(,8 ❐,✲

2!1$(5✱ 41,C& #$:"#&1D  0,2#030(0  ,:1D %!3$ ✑✵✴✵✑✳ I,3:1$%!8 $82(!1'3&

A1✱ A2 % %&#$J0 !0 ✭✸✳✶✮ ! 2,('4!8 ", 04 ,0 %&#$J0 !0

ŨC2

ŨC1

=
A2

A1

√
(1− ω2LC)2 + (ωRC)2√
(1− 4ω2LC)2 + (2ωRC)2

.

I, ':(,%!) =$3$4! ω = ω0/2 = 1/2
√
LC✳ 6,73$ ,", 4$10(D &> ,1%01

ŨC2

ŨC1

=
4

3πβ

√(
3

4

)2

+

(
β

2

)2

,

730 β = R
√
C/L − C0=#$=80# &> 2$#$801# =$3$4!✳ ➬$3$4$ #0<0 $✳ ➘(5 =$"#02✲

(0 !5 2,('40  &9 = $ !> #0<!10 :$8,:1,510(D , :(03')N!0 =$3$4!✳

➬$3$4$ ➑ ✶✻✳ ➶ ",(0C$10(D &> ", 1'# ✭#!:✳ ✸✳✸✮ %"()40 70 0#$1,#  $2#5✲

J0 !5 U(t)✱ !=80 5)N07,:5 2, 20#!,3!40:",8' =$", ' ✭#!:✳ ✸✳✸✮✳ ❮$>1! ,1 ,✲

<0 !0 $82(!1'3 %1,#,> 7$#8, !"! u2 " $82(!1'30 20#%,> 7$#8, !"! u1 3(5

",(0C$ !>  $2#5J0 !5  $ ", 30 :$1,#0 C ", 1'#$✱ "$" .' "/!) ,: ,% ,> 4$✲

:1,1> ",(0C$ !>✳

✺✻



 !"✳ ✸✳✸✳ %&'()*!+'"(,- .'/0 ✭( 2,3,+' ➑ ✶✻✮

➬!"!#! ➑ ✶✼✳ ➶ )*+,-!.,+/012 )*0.34 ✭467✳ ✸✳✹✮ ;)+<#,0 =,0,4!.*4 0!>4?✲

A,06? U(t)✱ 6CD,0?<E,=*7? >* >,46*"6#,7)*D3 C!)*03 ✭467✳ ✸✳✹✮✳ ❮!2.6 *.0*✲

G,06, !D>+6.3" ;.*4*2 =!4D*06)6 u2 ) !D>+6.3", >,4;*2 =!4D*06)6 u1 "+?

)*+,-!062 0!>4?A,06? 0! )*0",07!.*4, C )*0.34!✱ )!) H30)I6< *70*;0*2 #!✲

7.*.2 )*+,-!062✳

 !"✳ ✸✳✹✳ %&'()*!+'"(,- .'/0 ✭( 2,3,+' ➑ ✶✼✮

➬!"!#! ➑ ✶✽✳ ➶ )*+,-!.,+/012 )*0.34 ✭467✳ ✸✳✺✮ ;)+<#,0 =,0,4!.*4 0!>4?✲

A,06? U(t)✱ 6CD,0?<E,=*7? >* >,46*"6#,7)*D3 C!)*03 ✭467✳ ✸✳✺✮✳ ❮!2.6 *.0*✲

G,06, !D>+6.3" ;.*4*2 =!4D*06)6 u2 ) !D>+6.3", >,4;*2 =!4D*06)6 u1 "+?

)*+,-!062 0!>4?A,06? 0! )*0",07!.*4, C )*0.34!✱ )!) H30)I6< *70*;0*2 #!✲

7.*.2 )*+,-!062✳

➬!"!#! ➑ ✶✾✳ ➶ )*+,-!.,+/012 )*0.34 ✭467✳ ✸✳✻✮ ;)+<#,0 =,0,4!.*4 0!>4?✲

A,06? U(t)✱ 6CD,0?<E,=*7? >* >,46*"6#,7)*D3 C!)*03 ✭467✳ ✸✳✻✮✳ ❮!2.6 *.0*✲

G,06, !D>+6.3" ;.*4*2 =!4D*06)6 u2 ) !D>+6.3", >,4;*2 =!4D*06)6 u1 "+?

)*+,-!062 0!>4?A,06? 0! )*0",07!.*4, C )*0.34!✱ )!) H30)I6< *70*;0*2 #!✲

7.*.2 )*+,-!062✳

✺✼



 !"✳ ✸✳✺✳ &'()*+!,(")-. /(01 ✭) 3-4-,( ➑ ✶✽✮

 !"✳ ✸✳✻✳ &'()*+!,(")-. /(01 ✭) 3-4-,( ➑ ✶✾✮

➬!"!#! ➑ ✷✵✳ ➶ )*+,-!.,+/012 )*0.34 ✭467✳ ✸✳✼✮ ;)+<#,0 =,0,4!.*4 0!>4?✲

A,06? U(t)✱ 6CD,0?<E,=*7? >* >,46*"6#,7)*D3 C!)*03 ✭467✳ ✸✳✼✮✳ ❮!2.6 *.0*✲

G,06, !D>+6.3" ;.*4*2 =!4D*06)6 u2 ) !D>+6.3", >,4;*2 =!4D*06)6 u1 "+?

)*+,-!062 0!>4?A,06? 0! )*0",07!.*4, C )*0.34!✱ )!) H30)I6< *70*;0*2 #!✲

7.*.2 )*+,-!062✳

 !"✳ ✸✳✼✳ &'()*+!,(")-. /(01 ✭) 3-4-,( ➑ ✷✵✮

✺✽



➹!"#" ✹

✃!"#$%&'(

) *"%$!&#"'&#+&,-✱

*"%$!/'**'0%1')&,-

*'*1#2%-

✹✳✶✳ #$%&'($)*%+,-.% /(0%1(-)2

❮!"#$%&'' ($"$)*' ($"+%&',$ +$(-$"!. #'$-** /$0')!,*1 + 0*,'1,23 4*✲

6*7'"/*3 "*"#'.!3✳ 9'. ,' .','' "0':;'# ($,*.!#<✱ 7#$ 0*,'1,!% "*"#'.!− >#$
,'";&'"#+;?&!% !)"#-!/@*%✱ ! +"' -'!0<,2' /$0')!#'0<,2' "*"#'.2 :*""*(!✲

#*+,2 * + )$0<A'1 *0* .',<A'1 "#'(',* ,'0*,'1,2✳ ✃$0')!,*% + ,'0*,'1,23

"*"#'.!3 *6;7!?#"% + $#:'0<,$.✱ /-;(,$. ;7'),$. /;-"'✳ ❰:,!/$ ";&'"#+;'#

$)A*-,21 /0!"" 6!:!7✱ $#,$"%&*3"% / /$0')!,*%. + "0!)$,'0*,'1,23 "*"#'.!3✱

/$#$-2' .$D,$  !"#$"%&''(✱ ,$ " 3$-$A'1 #$7,$"#<?✱ -'A*#< .'#$:!.* 0*✲

,'1,$1 #'$-** /$0')!,*1✳ E-* >#$. 6!:!7* ,!"#$%&'F$ -!6:'0!✱ /!/ .2 ;+*:*.✱

*.'?# /$0$""!0<,$' 6,!7',*' :0% ,!;/* * #'3,*/*✳ ➶ /!7'"#+' .!#'.!#*7'"/$✲

F$ !((!-!#! );:'# *"($0<6$+!#<"% .'#$: .':0',,$ .',%?&*3"% !.(0*#;: ✭:!0''

− ❒❒❒➚✮✱ (-':0$D',,21 ➶!,✲:'-✲E$0'.✳ L#$# .'#$: )20 6,!7*#'0<,$ ('-'✲

-!)$#!, * .!#'.!#*7'"/* $)$",$+!, !/!:'.*/$. ❐✳ ➮✳ ❒!,:'0<A#!.$. * 'F$

/$00'F$1 ❮✳ ➘✳ E!(!0'/"* ❬✺❪✳

✺✾



✹✳✷✳ ❒$%&'$%()&*+(, $--$.$%

❰!"#$% " !&'('%%$)*"&+$% %$*', %$,-$))' %$)./0"12. 3%!-"*+, ✭❒❒✲

❒➚✮✳ ❰2)':)3. !&$,!'2;-(3 !'.:-$)". %$*',3 <3(-/=3$*2. : >"!'*$<$ ' *'%✱

=*' ('-$@3)". : -")$A)'A " 2-3@')$-")$A)'A 2"2*$%31 ,'-B); '!"2;:3*C2.

!'1'B"%" +&3:)$)".%"✳ ➮)*+"*":)' !').*)'✱ =*' E*' !&$,!'-'B$)"$ '!&3:✲

,;:3$*2. *$% -+=#$✱ =$% %$)C#$ !&'.:-./*2. )$-")$A);$ 2:'A2*:3 2"2*$%;✳

F3("% '@&3<'%✱ : !&$,$-C)'% 2-+=3$✱ !&" "2=$<3/0$ %3-;1 )$-")$A);1 !'✲

!&3:(31✱ E*' !&$,!'-'B$)"$ ,'-B)' '@&3*"*C2. : (')2*3*3G"/ H3(*3✳ F3(✱ $2-"

:  !"#$"%$ H"<"=$2('A 2"2*$%$ >3&%')"=$2('$ ('-$@3)"$ x(t) : '@0$% : :",$

'!"2;:3$*2. H+)(G"$A

x(t) = A0 cos(ω0t+ ϕ0),

>,$ A0✱ ω0✱ ϕ0 − (')2*3)*;✱ *' !&$,!'-3>3$*2.✱ =*' : & '(%"# !"#$"%$ 2"2*$%$
('-$@3)"$ %'B)' ✭!&" '!&$,$-$));1 +2-':".1✮ !&$,2*3:"*C : !'1'B$% :",$

x(t) = a(t) cos(ω0t+ ϕ(t)). ✭✹✳✶✮

K&3:)$)"$ ✭✹✳✶✮ '!"2;:3$* ('-$@3)".✱ @-"<("$ ( >3&%')"=$2("%✱ )' )$ 2*&'>'

>3&%')"=$2("$✳ ➬3%$*"%✱ =*' 2 H'&%3-C)'A *'=(" <&$)". %; ✶ ✭',)'A✮ )$"<:$2*✲

)'A H+)(G"" x(t) !'2*3:"-" : 2''*:$*2*:"$ ✷ ✭,:$✮ ,&+>"$ )$"<:$2*);$ H+)(✲

G"" a(t)✱ ϕ(t)✳ N*" H+)(G"" .:-./*2. '=$)C %$,-$))' %$)./0"%"2. 2 *$=$)"$%

:&$%$)" t✳ ❰,)3(' : H"<"($ E!"*$*; ✑%$,-$))'✑ " ✑@;2*&'✑ : "<:$2*)'A %$&$ -"✲

#$); 2%;2-3 " *&$@+/* %3*$%3*"=$2('>' '!&$,$-$)".✳ F3(✱ 13&3(*$&)'$ :&$%.

"<%$)$)". a(t)✱ ϕ(t) 2'!'2*3:-.$*2. 2 !$&"','% ',)'>' ('-$@3)". T ✭!'1'B3.

2"*+3G". )3@-/,3-32C : !$&:'A >-3:$✮✳ ❒3*$%3*"=$2(" E*' <3!"2;:3$*2. *3(✿

da

dt
T ≪ a,

✻✵



dϕ

dt
T ≪ ϕ.

 !"#$%& '(➻ !*%$ $+,-$#✿ /!* /'0%!*!& 1!2'3-$%" T 4 0-5$67 5-*-8-7 &!9:;

/!$%&-;+#" 0-52%8$6' %$;'04-26 40'&'$%✳ ➴#2%✱ $-/0%&'0✱ 0'8+ %*'; ! #4!✲

3!*$67 1!2'3-$%"7 4 /!#2'*!4-;'2+$!&R−L−C 1!$;:0'✱ ;!✱ 1-1 %54'#;$! %5

/'04!@ 92-46 /!#!3%"✱

T =
2π√

1

LC
−

(
R

2L

)2
,

- '#2% $- A;!; B' #-&6@ 1!$;:0 *'@#;4:'; 4$'C$"" 46$:B*-,(-" #%2- 4%*-

U0 cos(pt)✱ ;!

T =
2π

p
.

D;! !3E"#$"';#" ;'&✱ 8;! 4 /0%#:;#;4%% 4$'C$'@ 46$:B$-,('@ #%26 #!3#;4'$✲

$6' 1!2'3-$%" 36#;0! 5-;:7-,; ✭5- 7-0-1;'0$!' 40'&" /'0'7!*$!9! /0!G'##-✮✱ %

!#;-,;#" ;!2+1! 1!2'3-$%" # 8-#;!;!@ 4$'C$'@ 46$:B*-,('@ #%26p✳  !A;!&:

/'0%!* 4$'C$'@ 46$:B*-,('@ #%26 "42"';#" 3!2'' /0%!0%;';$6& &-#C;-3!&

40'&'$%✱ 8'& /'0%!* #!3#;4'$$67 1!2'3-$%@✳

➮;-1✱ 0-##&!;0%& 4 !3('& 4%*' :0-4$'$%' 1!2'3-$%@ 4 #2-3!$'2%$'@$!@

#%#;'&'

d2x

dt2
+ ω2

0x = µ0f

(
x,

dx

dt

)
, ✭✹✳✷✮

9*' µ0 − $'1!;!0!' 1!$'8$!' 8%#2!✱ - L:$1G%" f #!*'0B%; $'2%$'@$6' #2-9-'✲
&6' /! x % x′✳ ➶63'0'& $!46@ &-#C;-3 40'&'$%

τ = ω0t.

✻✶



➬!"#$%& "'%()'!*(+!,#- &!.$/!)! .(01!.,( 2('&!1#*&3 ❐%5),#6!

dτ = ω0dt,

d

dt
= ω0

d

dτ
,

d2

dt2
= ω2

0

d2

dτ 2
.

7'# 8/(& "%'#(9 :(1%)!,#- + ,(+(& &!.$/!)% '!+%,✱ :(,%<,(✱ 2π✳ ➬!"#$%&

3'!+,%,#% ✭✹✳✷✮ "'# ,(+(& &!.$/!)% +'%&%,# ✭'!*9%1#+ 1%+3B # "'!+3B <!./#

3'!+,%,#- ,! ω2
0

d2x

dτ 2
+ x = µf

(
x,

dx

dτ

)
. ✭✹✳✸✮

➬9%.D µ -+1-%/.- &!1E& "!'!&%/'(& *!9!<#

µ =
µ0

ω2
0

→ 0.

7'#+%9%& <#.1%,,3B (6%,:3 91- "(9/+%'F9%,#- 8/(0( 3/+%'F9%,#-✳ ➘("3✲

./#&✱ 3'!+,%,#% ✭✹✳✸✮ ("#.E+!%/ ,%:(/('E% :(1%)!,#- + .1!)(,%1#,%5,(5 .#✲

./%&%✱ "'(#.I(9-J#% ,! <!./(/% &3*E:!1D,(5 ,(/E la '!+,(5 ✹✹✵ ➹6✳ M(09!

ω2
0 ≈ 7.6 · 106 '!92.−2✳ M( %./D 3F% 91- *+3:(+EI <!./(/ &,(F#/%1D ω2

0 #&%%/

"('-9(: 9%.-/# &#11#(,(+ # ./'%&#/%1D,( 3+%1#<#+!%/.- . '(./(& <!./(/E✳ ➶

,!./(-J%5 01!+% + (.,(+,(& )393/ '!..&!/'#+!/D.- #&%,,( +E.(:(<!./(/,E%

3./'(5./+! ✭+ /(& <#.1% O➶P✮ # #I 8:+#+!1%,/,E% .I%&E✱ 91- :(/('EI . 3+%✲

'%,,(./DB &(F,( 3/+%'F9!/D✱ </( µ − &!1E5 "!'!&%/'✳ ➪1!0(9!'- &!1(./# µ

+ "'!+(5 <!./# 3'!+,%,#- ✭✹✳✸✮ &(F,( "'%9"(1(F#/D✱ </( %0( '%$%,#%& )39%/

23,:6#- +#9! ✭✹✳✶✮

x(τ) = a(τ) cos(τ + ϕ(τ)).

✻✷



❰!"#$% &'! ()"$*'' ✭✹✳✶✮ $0#1"2 "2)!%32" !45 60#$7'829$': ;#!#8 6%7%<)✱

87% "2';&297"#5 ()"$*'5 ϕ(t) 5&452795 #0>)<2"7%< !0)>%1 ()"$*'' − cos✳

?7% 42>$% '960#&'7@✱ 294' ;#<2"'7@ %!"' "2';&297"A2 ()"$*'' a(t)✱ ϕ(t) "#

!0)>'2 "2';&297"A2 ()"$*'' u(τ) ' v(τ)✱ 9&5;#""A2 <2B!) 9%3%1 %82&'!"A<'

&A0#B2"'5<'

x(τ) = u(τ) cos(τ) + v(τ) sin(τ),

a(τ) =
√

u2(τ) + v2(τ),

ϕ(τ) = arctg

(
v(τ)

u(τ)

)
.

✭✹✳✹✮

➬#<27'<✱ 87% "'$#$#5 '"(%0<#*'5 % $%423#724@"%< !&'B2"'' 60' D7%< "2 72✲

052795✱ ' 9 (%0<#4@"%1 7%8$' ;02"'5 ;#!#8# %657@ B2 "2 )60%F#2795✱ &2!@ ✷

"2';&297"A2 ()"$*'' ;#<2"5H795 !0)>'<' ✷✲<5 "2';&297"A<' ()"$*'5<'✱ "%

;#7% D7% 602%30#;%&#"'2 6%;&%4527 ';32B#7@ ;"#8'724@"A: 94%B"%9721 9 02I2✲

"'2< 70#"9*2"!2"7"A: )0#&"2"'1✳ ❮%&A2 ()"$*'' u(τ)  v(τ) !"#$%&#'( ()*%+

,)(- , a(τ)  ϕ(τ) .#/01 ()"(2.,( 31&"1**% 31*(24 3 ,( 56*/7 (3 ✳ 9#/

/#/ %* ()"(2.,( 3*%0 .1"(3 :1'1& cos(τ)✱ sin(τ)✱  < *#-=)#2. 31&"1**%

31*(24 3 ,( #3:" .6&#3 ✱ >.% *#?"% %.'#01* 1 ) *#-)#*  31.%&# '1?1* (

-#&#>✳

✃#/  ) ,"6>#1 ,  !"#$"%& & 551'1*7 #"A*=3 6'#)*1* 13✱ &"( :% ,/#

%!41$% '1?1* ( "# !"#$"'(' 6'#)*1* ( *1%!<%& 3% :%&,.#) .A 56*/7 2 x(τ)

✭✹✳✹✮ ) ,#3% 6'#)*1* 1 ✭✹✳✸✮✳ ➘"( G.%$% *1%!<%& 3% )=> ," .A :1')62  ).%'62

:'% -)%&*=1 x :% τ ✳ H% :'#) "6 & 551'1*7 '%)#* ( ,"%0*%+ 56*/7  

x′ = u′(τ) cos(τ) + v′(τ) sin(τ)− u(τ) sin(τ) + v(τ) cos(τ).

I1+>#, 631,.*% :' :%3* .A ,&1"#**%1 '#*11 *#!"2&1* 1 %.*%, .1"A*% .%$%✱

✻✸



 !" #"$%&'()" %* "+), )-./0-1!),2 .13"%,2 #,)34.2 x(τ) /&%-).'. +0,%5

)-./0-1!)*%. #,)34.5%. u(τ) . v(τ)✳ 7!" "/)& &-!✱  !" %* 1"/)&!-'()" $&1✲

:.$.'. 3'&11 $-:-).; . 1-; &1 .%--% <$&0" )&'"=.!( $&/,%)"- ">$&). -).-

)& ?!"! 3'&11✳ @"$%&'()" %"=)" <$.+,%&!( '2A"- ,$&0)-).-✱ 105/*0&2B--

u(τ) . v(τ)✱ )" %*✱ 3")- )"✱ 0"/(%➻% !" ,$&0)-).-✱ 3"!"$"- <"/0"'.! ,<$"1!.!(

$-:-).- /&+& .✱ & .%-))"

u′(τ) cos(τ) + v′(τ) sin(τ) = 0, ✭✹✳✺✮

. !">+& "3") &!-'()"

x′ = −u(τ) sin(τ) + v(τ) cos(τ). ✭✹✳✻✮

➶* .1'.% 0!"$,2 <$"./0"+),2 x <" τ ✱ +'5  ->" <$"+.##-$-)4.$,-% ✭✹✳✻✮

x′′ = −u′(τ) sin(τ) + v′(τ) cos(τ)− u(τ) cos(τ)− v(τ) sin(τ). ✭✹✳✼✮

➬+-1(✱ 3")- )"✱

−u′(τ) sin(τ) + v′(τ) cos(τ) 6= 0,

!&3 3&3 ?!& 1,%%& "!'. &-!15 "! ,$&0)-).5 105/. ✭✹✳✺✮✱ <$.$&0).0&!( ?!, 1,%%,

3 ),'2 )-! ).3&3.L "1)"0&).;✳ M"+1!&0.% ✭✹✳✹✮✱ ✭✹✳✼✮ . ✭✹✳✻✮ 0 '-0,2 . <$&0,2

 &1!. ,$&0)-).5 ✭✹✳✸✮✳ ➘"<"').% <"', -))"- ,$&0)-).- )&:.% ,$&0)-).-% 105✲

/. ✭✹✳✺✮ . <"', .% >"!"0,2 1.1!-%, ,$&0)-).; ✭+'5 ,+"A1!0& u(τ) . v(τ) +&'--

"A"/)& &2!15 <$"1!" u . v✮




−u′ sin(τ) + v′ cos(τ) = µf(u, v),

u′ cos(τ) + v′ sin(τ) = 0.
✭✹✳✽✮

✻✹



 !" #$#!%&" '(")*%*$+ #),-.)"%! &%/0' #121+ 3'*45$$u $ v # $6 7%().&$ 7(1✲

$-)10*.&$✳ :(%12("-'%& #$#!%&' ✭✹✳✽✮ 4 21?%% '012*1&' )$0'✱ 0?, A%B1 '&*1✲

/$& )!1(1% '(")*%*$% ✭✹✳✽✮ *" cos(τ) $ ).A!%& $- *%B1 7%()1% '(")*%*$% ✭✹✳✽✮✱

'&*1/%**1% *" sin(τ)✳ C"4 71?'A$& 7%()1% '(")*%*$% *1)1+ #$#!%&. ✭✹✳✾✮✳ ➘%+✲

#!)', "*"?1B$A*.& #71#121&✱ 0171?*$& %B1 )!1(.& $ 71?'A$& *1)'F #$#!%&'

✭✹✳✾✮ ) 141*A"!%?G*1& )$0%




u′ = −µf(u, v) sin(τ),

v′ = µf(u, v) cos(τ).
✭✹✳✾✮

➬"&%!G!%✱ A!1 71?'A%**.% '(")*%*$, ,)?,F!#, 0$33%(%*5$"?G*.&$ '(")*%*$✲

,&$  !"#$% #!%7%*$✳ ❰0*"41 *$4"41B1 '7(1J%*$, 71 #'!$ 012$!G#, *% '0"?1#G✿

0%+#!)$!%?G*1✱ #1)%(L$) )#% 7%(%A$#?%**.% 7(%12("-1)"*$,✱ &. 7(1#!1 -"&%✲

*$?$ $&'$ '(")*%*$% #($"$% #!%7%*$ ✭✹✳✸✮ *" &#) '(")*%*$,  !"#$% #!%7%*$

✭✹✳✾✮✳ :($ N!1&✱ %#?$ 1#(%0*$!G *1).% '(")*%*$, -" ✶ 7%($10 41?%2"*$+ 2π✱

71?'A$!#, #$#!%&"





〈u′〉 = − 1

2π

∫ 2π

0 µf(u, v) sin(τ)dτ ≡ Φ(u, v),

〈v′〉 = 1

2π

∫ 2π

0 µf(u, v) cos(τ)dτ ≡ Ψ(u, v).
✭✹✳✶✵✮

➮?$✱ A!1 !1 /% #"&1% 


〈u′〉 = Φ(u, v),

〈v′〉 = Ψ(u, v).
✭✹✳✶✶✮

R$#!%&' ✭✹✳✶✶✮ *"-.)"F! #$#!%&1+ '41(1A%**.6 '(")*%*$+✳ S41(1A%**.% '(")✲

*%*$, #),-.)"F! #(%0*$% -" 7%($10 $-&%*%*$, "&7?$!'0 41?%2"*$+ #1 -*"A%✲

*$,&$ N!$6 "&7?$!'0✳ ➶1-&1/*1#!$✱ 7(%01#!")?,%&.% #$#!%&1+ '41(1A%**.6

✻✺



 !"#$%$&'✱ )*+#*,-./ ✭)!*#%1&/% )"!",,%,2 3 4"/%!&",*4✱ &+,*5%$$*4 # 6,"#%

)!* 7"+*#8% )*!/!%/8✮✿ $"'/& #3% 3/";&*$"!$8% <*,%="$&- 3&3/%48 ✭/✳%✳ $"'/&

/"<&% )"!8 (ui, vi)✱ <*61" *1$*#!%4%$$* 〈u′〉|(ui,vi) = 0 & 〈v′〉|(ui,vi) = 0✮❀ $"'/&

"4),&/ 18 <*,%="$&' # 3/";&*$"!$8@ 3*3/*-$&-@ ✭/* %3/2 ai =
√

u2i + v2i ✮❀ &3✲

3,%1*#"/2 3/";&*$"!$8% <*,%="$&- (ui, vi) $"  3/*'B&#*3/2✳ ➬"4%/2/%✱ B/* !%B2

* )*, B%$&& &3<*4*' 7 $<;&& x(t) # -#$*4 #&1% #**=D% $% &1%/✳ E/ 483,2 3,%✲

1 %/ )*$&4"/2 /"<✿ $&<"<*6*  )!*D%$&-  !"#$%$&' $%/ & $% = 1%/ )* )!&B&$%

$%,&$%'$*3/& &3@*1$*6*  !"#$%$&- <*,%="$&'✳ ❮"'/& 7 $<;&.x(τ) # -#$*4 #&✲

1% $% )*, B&/3- ✭+" !%1<&4 &3<,.B%$&%4✮✱ *1$"<* ❒❒❒➚ )*+#*,-%/ )*, B&/2

#"5$ . &$7*!4";&. *= &33,%1 %4*' 7&+&B%3<*' 3&3/%4%✱ " &4%$$* %➻ 3/";&✲

*$"!$8% 3*3/*-$&- &  3/*'B&#*3/2 J/&@ 3*3/*-$&'✳ ➮33,%1 %4 3/";&*$"!$8%

"4),&/ 18 $"  3/*'B&#*3/2✱ 1,- B%6* #$%3➻4 4",8% #*+4 D%$&- # 3/";&*$"!✲

$8% "4),&/ 18✳ L 3/2 ξ %3/2 4",*% #*+4 D%$&% 3/";&*$"!$*' "4),&/ 18 ui✱ "

η − 4",*% #*+4 D%$&% "4),&/ 18 vi✳ L!*3,%1&4✱ B/* = 1%/ 3 〈u′〉✱ 〈v′〉

〈u′〉|u=ui+ξ = 〈(ui + ξ)′〉 = 〈u′i〉+ 〈ξ′〉 = 0 + 〈ξ′〉,

〈v′〉|v=vi+η = 〈(vi + η)′〉 = 〈v′i〉+ 〈η′〉 = 0 + 〈η′〉.

L!"#8% B"3/&  <*!*B%$$8@  !"#$%$&' !"+,*5&4 # !-18 M%',*!" 3 /*B$*3/2.

1* )%!#8@ )!*&+#*1$8@

Φ(ui + ξ, vi + η) = Φ(ui, vi)︸ ︷︷ ︸
=0

+

(
∂Φ

∂u

)

ui,vi︸ ︷︷ ︸
a11

ξ +

(
∂Φ

∂v

)

ui,vi︸ ︷︷ ︸
a12

η + ...

Ψ(ui + ξ, vi + η) = Ψ(ui, vi)︸ ︷︷ ︸
=0

+

(
∂Ψ

∂u

)

ui,vi︸ ︷︷ ︸
a21

ξ +

(
∂Ψ

∂v

)

ui,vi︸ ︷︷ ︸
a22

η + ...

✻✻



 !"!#$%"$#& '($)( " *!#$)( +#,-" ./0!0+(%%)1 .!#$%(%"2✱ *0'.+"4 %0$.5

,",-(4. .!#$%(%"2✱ 0*",)$#56"1 7$0'58"5 $094.6(%"2 ξ✱ η , -(+(%"(4 $!(✲

4(%" 


ξ′ = a11ξ + a12η,

η′ = a21ξ + a22η.
✭✹✳✶✷✮

A-0 ,",-(4# B"CC(!(%8"#'D%)1 .!#$%(%"2 *(!$0E0 *0!&B/#✳ F#%(( ✭,4✳ *(!$.5

E'#$. *0,0G"&✮ .H( 0G,.HB#'0,D✱ +-0 B"CC(!(%8"#'D%0( .!#$%(%"( *(!$0E0 *0✲

!&B/# "4((- !(I(%"( $ $"B( 7/,*0%(%8"#'D%02 C.%/8""✱ *07-04. 4) " $ !#,✲

,4#-!"$#(404 ,'.+#( -0H( G.B(4 ",/#-D !(I(%"( ,",-(4) ✭✹✳✶✷✮ $ $"B(

ξ = ξ0 exp(λτ),

η = η0 exp(λτ).

 0B,-#$"4 7-" $)!#H(%"& " *!(0G!#9.(4 ,",-(4. ✭✹✳✶✷✮ B"CC(!(%8"#'D%)1

.!#$%(%"2 $ %0$.5 ,",-(4. #'E(G!#"+(,/"1 .!#$%(%"2




(a11 − λ)ξ + a12η = 0,

a21ξ + (a22 − λ)η = 0.
✭✹✳✶✸✮

 (!$0( !(I(%"( ,",-(4) ✭✹✳✶✸✮✱ 9#4(-%0 ,!#9.

ξ = 0, η = 0.

❰%0 09%#+#(-✱ +-0 #4*'"-.B) $094.6(%"2 ξ0✱ η0 !#$%) %.'5✱ -✳(✳ %"/#/"1 $09✲

4.6(%"2 $00G6( %(-✳ A-0 !(I(%"( &$'&(-,& #G,0'5-%0 G(,*0'(9%)4✱ " $ 4#-(✲

4#-"/( 0C"8"#'D%0 %#9)$#(-,& -!"$"#'D%)4✳ ➘'& ,.6(,-$0$#%"& !"#$%$&'(✲

✻✼



 !"!  !"!#$% #!&'(&)$*& +&, !'&-.,/  .-!#0,-. #123 &0#&-#&4& &+ !)!2$,!2%

0$0,!*5

λ2 − λ(a11 + a22) + (a11a22 − a12a21) = 0. ✭✹✳✶✹✮

;,& 1 .-#!#$! +&<-&2%!, -5=$02$,/ +&>.<.,!2$ ?>0+&#!#@$.2/#5( A1#>@$Bλ

λ1,2 =

(
a11 + a22

2

)
±

√(
a11 + a22

2

)2

+ a12a21. ✭✹✳✶✺✮

➶&&'E! 4&-& %✱ +&21=$-"$!0% >& #$ λ *&41, '5,/ >&*+2!>0#5*$ =$02.*$✱ &)✲

#.>& *&H#& 1-! !##& 0>.<.,/✱ =,& !02$ )!B0,-$,!2/#.% =.0,/

ℜ(λ) > 0,

,& 0,.@$&#. #&! 0&0,&%#$! %-2%!,0% #!10,&B=$-5*✳ ➘!B0,-$,!2/#&✱ - ?,&* 021✲

=.!✱ #.+ $*! ✱ )2% ξ '1)!, 0+ .-!)2$-&

ξ(τ) = ξ0 exp([ℜ(λ) + jℑ(λ)]τ) = ξ0 exp(ℜ(λ)τ)[cos(ℑ(λ)τ) + sin(ℑ(λ)τ)].

J.>✱ )!B0,-$,!2/#.% =.0,/ λ &'!0+!=$, ?>0+&#!#@$.2/#5B  &0, .*+2$,1)5 ξ0

$0(&)#&4& '!0>&#!=#& *.2&4& -&<*1E!#$% ξ 0,.@$&#. #&4& 0&0,&%#$% (ui, vi)✳

❒#$*.% =.0,/ λ &+$05-.!, '$!#$!✱ + &%-2%3E!!0% - +! $&)$=#&* +! ! .0+ !✲

)!2!#$$ ?#! 4$$ #. .0,.3E!4& >&2!'.#$% *!H)1 =➻,#&B ✭cos✮ $ #!=➻,#&B ✭sin✮

>&*+&#!#,&B 4. *&#$>$✳ M.001H).% .#.2&4$=#&✱ !02$

ℜ(λ) < 0,

,& -&<*1E!#$% ξ(τ)✱ η(τ) '1)1, <.,1(.,/ 0 ,!=!#$!* - !*!#$✱ =,& &)#&<#.=#&

1>.<5-.!, #. 10,&B=$-&0,/ 0&&,-!,0,-13E!B 0,.@$&#. #&B .*+2$,1)5 (ui, vi)✳

✻✽



✹✳✸✳ #$%&'()$*()+(,)✱ .$%&'/*..*0%1*2(,)

.*.1)3,

➬!"!#! ➑ ✷✶✳ ➮))*+",-!./ ) 0,1,2/3 ❒❒❒➚ 06,7+)) 8!.9:!;<= )-,>,";?:

@,*+>!;<A - *<;+A;,A "<))<0!.<-;,A @,*+>!.+*/;,A )<).+1+✱ <8,>6!C+;;,A ;!

6<)✳✹✳✶✳ ❰F,-,6<1)= )6!89✱ #., G.! 8!"!#! <1++. ,#+-<";?A ,.-+.✿ @,*+>!;<= -

 !"✳ ✹✳✶✳ ✃'()*+,)(-./0 1'.,23 ✭1 5+6+7) ➑ ✷✶✮

0,)*+",-!.+*/;,1 R − L − C @,;.96+ >+8 -;+I;+F, -,8"+A).-<= 1,F9. .,*/@,

8!.9:!./✱ .✳+✳ 9 .!@,A )<).+1? )92+).-9+. .,*/@, ,";! ).!7<,;!6;!= !10*<.9✲

"! @,*+>!;<A✱ 6!-;!= ;9*3✱ < G.! ).!7<,;!6;!= !10*<.9"!✱ @,;+#;,✱ =-*=+.)=

9).,A#<-,A✱ − ;+>,*/I,+ -,8192+;<+ )<).+1? -)+F"! >9"+. 8!.9:!./ - ;+A✳ K+1

;+ 1+;++ 1? 6+I<1 G.9 8!"!#9 ) <)0,*/8,-!;<+1 ❒❒❒➚✱ #.,>? ;!F*=";, 0,✲

@!8!./ !*F,6<.1 6+I+;<= 0,",>;?: 8!"!# < 06,"+1,;).6<6,-!./✱ #., ❒❒❒➚

− G.,  !"#$"%&''()✱ ! ;+ .,#;?A 1+.," 6+I+;<=✳

❮!#;+1 ) ,0<)!;<= 6!>,.? ):+1?✳ ➮89#!+1!= G*+@.6<#+)@!= 7+0/ 06+").!-✲

*=+. ),>,A ,"<;,#;?A @,;.96✱ 0,G.,19 )6!89 8!0<I+1 "*= ;+F, ,";, 96!-;+;<+

✃<6:F,N!

L
dI

dt
+RI +

1

C

∫ t

−∞
I(ξ)dξ = 0.

➬!1+;<1 )<*9 .,@! I ;! "69F93 0+6+1+;;93 − G*+@.6<#+)@<A 8!6=" x ✭"*=

9",>).-! >9"+1 <)0,*/8,-!./ x✱ ! ;+ ,>2+06<;=.,+ ,>,8;!#+;<= 8!6="! q✮

x =
dI

dt

✻✾



 !"#$% & ✑("#)*+,)#-.")✑ / 00)1).2 +#-.") $1+3.). ) 3,"1"4" !"15/(+

Lx′′ +Rx′ +
x

C
= 0.

6+7/)# & $1+3.). ) .+L  33)/)& 8,+./+1,.9) "*"7.+%). 5✱ !"8#) %)4" !1 /)&

( $1+3.). ; 3 /+ ✭✹✳✷✮

ω0 =
1√
LC

, 2δ =
R

L
.

d2x

dt2
+ ω2

0x = −2δdx
dt

.

A," $1+3.). ) &"B." 1)C ,- 8  8!"#-7"3+. )& ❒❒❒➚✱ /#5 %)4" 33)/➻& ."39G

&+8C,+* 31)&). ✳ ➶ I,"G 8 8,)&) )8,- ,"#-(" 8"*8,3)..9) ("#)*+. 5✱ !"I,"&$ 3

(+%)8,3) &+8C,+* 1$;J)4" &."B ,)#5 $/"*." 39*1+,- %+8,",$ω0✱ ,✳)✳ τ = ω0t✳

K1)"*1+7"3+..") $1+3.). ) *$/),

x′′ + x = −µx′,

!1 %)& 3)# % .+ µ = 2δ/ω0 << 1 − &+#9G !+1+&),1 7+/+% ✳ K)1)G/)& 81+7$

( 39% 8#). ; $("1"%)..9L $1+3.). G

〈u′〉 = − 1

2π

∫ 2π

0

µf(u, v) sin(τ)dτ =
µ

2π

∫ 2π

0

[−U sin(τ) + v cos(τ)] sin τdτ =

=
−µU
2π

∫ 2π

0

sin2(τ)dτ+
µv

2π

∫ 2π

0

cos(τ) sin(τ)dτ
︸ ︷︷ ︸

=0

= −µU

2
.

✭✹✳✶✻✮

➚.+#"4 %." 39% 8#5),85

〈v′〉 = µ

2π

∫ 2π

0

[−U sin(τ) + v cos(τ)] cos τdτ = −µv

2
.

✼✵



 !"#$%&'( )*+ ✲ -./'0!"1'" 02*3'41*51.6 *78!'2$# (ui, vi)✱ 85' :4245.6

〈u′〉 = 0, 〈v′〉 = 0.

❮"25$#14 #4+*#*2<0=✱ /24 - >24( ?*#*/" 0$&"02-$"2 24!<:4 4#1* 02*3'41*51*=

*78!'2$#*

u1 = 0, v1 = 0.

➬#"0< $7"0214 05*?$ 48'0*2< 4#1$ 404A"11402< ?*#*/✱ 25"A$%&'6 85'7"1"1'=

❒❒❒➚✱ − $:454/"11." $5*-1"1'= '14+#* A.-*"2 #4-4!<14 25$#14 5")'2< 42✲

140'2"!<14 *78!'2$# u ' v✳ E*024 85'64#'20= '7"114  !"# $%#&'()✱ 854=-!=2<

1":4" 84#4A'" 7*2"7*2'/"0:4( 07":*!:'✱ 1"F"!' 5")*2< - 0442-"202-'' 0 /"2✲

:'7 *!+45'2747✳ ➶ #*!<1"()"7 A$#$2 854#"741025'54-*1. 1":4245." $#*/1."

85'➻7.✱ 84?-4!=%&'" 5*?5")'2< $:454/"11." $5*-1"1'=✱ * 0"(/*0 ?*8471'2"

8"5-.( '? 1'6✿ 1*/'1*2< 1*#4 0 854-"5:' 1$!"-4( 02*3'41*514( *78!'2$#.✱

-"#< 41* "02< 84/2' $ -0"6 :4!"A*2"!<1.6 0'02"7 ✭1$!"-*= *78!'2$#* 4?1*/*"2

420$202-'" :4!"A*1'(✮✳

 !"#$%&'( )*+ - 5")"1'' ?*#*/' − *1*!'? $024(/'-402' 02*3'41*514(

*78!'2$#.✳ ➘!= >24+4 )*+* -./'0!'7 -0" :4>MM'3'"12. - 7*25'3" ✭✹✳✶✸✮

a11 =

(
∂Φ

∂u

)

u1,v1

= −µ

2
, a12 =

(
∂Φ

∂v

)

u1,v1

= 0,

a21 =

(
∂Ψ

∂u

)

u1,v1

= 0, a22 =

(
∂Ψ

∂v

)

u1,v1

= −µ

2
.

Q4+#* - 0042-"202-'' 0 ✭✹✳✶✺✮

λ1 = −
µ

2
, λ2 = 0.

✼✶



 !" #$%& '()*$+"$(,-./0 1/*$- ℜ(λ1) < 0✱ ℜ(λ2) = 0✳ ➬./1"$✱ +.(*(..5( +%6✲

&89(."0 ξ " η .( :8'8$ ./!/*$/$- * $(1(."(& +!(&(."✳ ➬./1"$✱ .8,(+/0 *$/✲

;"%./!./0 /&<,"$8'/ 0+,0($*0 8*$%)1"+%)✳ =/**&/$!"+/(&/0 6/'/1/ 0+,0($*0

8.">/,-.%) + $%& *&5*,(✱ 1$% <%6+%,0($ ./)$" !(?(."( 8!/+.(."0 >%,(:/.")

x(t) + %:9(& +"'(✳ ✃/> +5 8+"'"$( + '/,-.()?(&✱ #$/ "*>,A1"$(,-./0 *"$8/;"0

:%,-?( .( <%+$%!"$*0✳ =/**&%$!"& <%,81(..5( !/.(( 8>%!%1(..5( 8!/+.(."0





〈u′〉 = −µ

2
,

〈v′〉 = −µ

2
.

✭✹✳✶✼✮

❰." ,(H>% ".$(H!"!8A$*0 <%1,(..%





u(τ) = u0 exp(−
µ

2
τ),

v(τ) = v0 exp(−
µ

2
τ).

✭✹✳✶✽✮

 %'*$/+,0(& <%,81(..5( J8.>;"" u✱ v + 8!/+.(."( ',0 x✱ <(!()'(& %:!/$.% %$

τ > t " <%,81"& %>%.1/$(,-.5) %$+($

x(t) = exp(−δt)[u0 cos(ω0t) + v0 sin(ω0t)].

K!/+."& <%,81(..%( ./&" !(?(."( *  !"#$% !(?(."(&

x(t) = exp(−δt)[u0 cos(
√

(ω2
0 − δ2) · t) + v0 sin(

√
(ω2

0 − δ2) · t)].

➶"'.%✱ 1$% %$,"1"( 6/>,A1/($*0 + $%&✱ 1$% 1/*$%$/ >%,(:/.") + <!":,"M(..%&

!(?(."" !/+./ 1/*$%$( *%:*$+(..5N >%,(:/.") >%.$8!/ :(6 6/$8N/.")✳ O$% .(

%1(.- >!"$"1.%✱ $/> >/> <%' >%!.(& ./N%'"$*0 !/6.%*$- >+/'!/$%+✱ " '/M(

✼✷



 !"# δ = 0.1ω0 ✭%&' !(#) & "*!&(+ & ' ,#-.'/ )'01'&,'!&# .',&+12✮✱ &' %2!&'&2

-2&+5267#5 .'" 02,#/

ω =
√
ω2
0 − (0.1ω0)2 = ω0

√
0.99 ≈ 0.995ω0,

.2. (#),'✱ '&"#%2 &!8 '& %2!&'&9 , -2&+5267#5 .'" 02,#/ :1#; 1,' ,2 :'"✲

:1'= ,&2✳ ?&2 '= ,.2 ) ;',!&1#1+ & (9!'.+6 &'%,'!&* :1#0"#@ ,,'A' ❒❒✲

❒➚✱  !"# (9:'",86&!8 )(2 !2;'!'A"2!'(2,,95 &1 0'(2,#8✿ ! '),'/ !&'1',9

✭!;✳ : 1(+6 A"2(+ :'!'0#8✮ )"8 !+7 !&('(2,#8 .'" 02,#/ ( !#!& ; , '05')#;'✱

%&'09 (9:'",8"'!* &1 0'(2,# ω2
0 > δ2❀ ! )1+A'/ !&'1',9✱ !2;2 ('-;'@,'!&*

#!:'"*-'(2,#8 ❒❒❒➚ (9)(#A2 & &1 0'(2,# ;2"'!&# :212; &12 µ ( :12('/

%2!&# +12(, ,#8 .'" 02,#/✱ 2 µ = 2δ/ω0✳ F2.#; '012-';✱ .2. # !" )'(2"' '@#✲

)2&*✱ &72& "*,' (9:'", ,# +!"'(#/ :1#; ,#;'!&# ; &')2 8("8 &!8 -2"'A';

 A' &'%,'!&#✳

➬2)2%2 ➑ ✷✷✳ ➹ , 12&'1✳ K12(, ,# ✱ ':#!9(267  L" .&1#% !.# .'" 02,#8

( ✭"2;:'(';✮ A , 12&'1 ✱ 09"' (: 1(9 #!!" )'(2,' ➶2,✲) 1✲N'" ;✳ N' L&'/

:1#%#, L&' +12(, ,# ,2-(2,' ( % !&*  A' #; ,#

d2x

dt2
+ ω2

0x = ǫ(1− x2)
dx

dt
. ✭✹✳✶✾✮

❰012&#& (,#;2,# ,2 &'✱ %&' ( L&'; :'!'0## ;9 (: 1(9 !&2".#(2 ;!8 ! , "#✲

, /,9; !"2A2 ;9; ( )#SS 1 ,=#2"*,'; +12(, ,##✱ ':#!9(267#; , "#, /,' 

-2&+52,# ✱ 2 #; ,,'

x2
dx

dt
.

➮!!" )+ ; L&' +12(, ,# :'!1 )!&('; ❒❒❒➚✳ ➘"8 L&'A' !,2%2"2 (90 1 ; ,'✲

(9/ ;2!V&20 (1 ; ,#✳ F2. .2. ':#!9(2 ;28 !#!& ;2 8("8 &!8 2(&'.'" 02& "*✲

✼✸



 !" ✭$% %&'(!& )'* +,&'-'(,+'%( .!/%-' 01✱ ! 0  % 1+/13()1 4/1  %$! +, 56✲

4%  ,*0✮✱ (! /!$09 ! +:1(; <%&0!4 )!-)(+%  ,= .!/%-' 0" !)>0//1(!&' -%:

:'(5=' 0" + .'9%)(+% *')?('- !$! * !60(%/1 τ = ω0t✳ A&%!-&':!+'  !% 5&'+✲

 % 0%

x′′ + x = µ(1− x2)x′, µ =
ǫ

ω0
≪ 1.

A&!0:+%4%* )(' 4'&( 53 :'*% 5 4/1 x(τ) 0 x′(τ)✱ 0 :'<0?%* <%&+!% 5.!&!9% ✲

 !% 5&'+ % 0% ✭$&!*!:4.0% +,90)/% 01 !<5B% ,✮

〈u′〉 = µ

[
u

2
− u3

8
− 3

uv2

8
+ 2

uv2

8

]
.

C >%/;3 )'*!<&!+%&.0 90('(%/1 + D(!* 5&'+ % 00  '&!9 !  % <&0+%4% , <!✲

4!- ,% )/'$'%*,%✱ 0 +)1 )5**'  % 5/%+,= 0 (%$&'/!+ :'<0)' ' -%: )!.&'B% 0"✳

E(! +,&'6% 0% *!6 ! ✭0 4/1 4'/; %"?%$! −  56 !✮ <&%!-&':!+'(; . -!/%%

54!- !*5 +045

〈u′〉 = µ
u

2

[
1− u2

4
− v2

4

]
= µ

u

2

[
1− A2

4

]
.

➬4%); <&!4%*! )(&0&!+' !40 0: '  ! )0&!+'  ,= &' %% <&0➻*!+✱ : '90(%/;✲

 ! !-/%$9'3B0" 4'/; %"?0" ' '/0: :'4'90✱ 0 :'./39'3B0")1 + (!*✱ 9(!-,

!-H%40 1(; )5**5 .+'4&'(!+ u✱ v + .+'4&'( '*</0(54, )!!(+%()(+53B%" $'&✲

*! 0.0 A2 = u2 + v2✳ ➶,90)/% 01 +(!&!" *%4/%  ! *% 13B%")1 '*</0(54,

〈v′〉 4'3( <!=!6%%✱ )0**%(&09 !% 5&'+ % 0%✱ 4!<!/ 13B%% )0)(%*5 5.!&!9% ✲

 ,= 5&'+ % 0" 



〈u′〉 = µ
u

2

[
1− A2

4

]
,

〈v′〉 = µ
v

2

[
1− A2

4

]
.

✭✹✳✷✵✮

❰9%+04 !% 54!-)(+! ('.!$! <&%4)('+/% 01 5.!&!9%  ,= 5&'+ % 0" )&':5 <!:+!✲

✼✹



 !"# $%&'( '#) (#*+',-*.-%" */0 '#12%

u1 = 0, v1 = 0;

u22 + v22 = 4.

➮(( "21"/ (#*+',-*.-%" */0 '#12% -* 1(#,4&'$,(#)✳ ❮*&'-*#) -",78,2'/,✱

:,-"&-,✱ ( *-* ';* -1 "$,4 */0 '#12%✱ #*: :*: <#,# $*.'*-# -* 0,.!2,: 0.,="✱

&"/  >7,4 2.1?,4

a11 =

(
∂Φ

∂u

)

u1,v1

=
µ

2
, a12 =

(
∂Φ

∂v

)

u1,v1

= 0,

a21 =

(
∂Ψ

∂u

)

u1,v1

= 0, a22 =

(
∂Ψ

∂v

)

u1,v1

=
µ

2
.

@,?2* $ (,,#$"#(#$'' ( ✭✹✳✶✺✮

λ1 =
µ

2
, λ2 = 0.

F#, ;-*&'#✱ &#, (#*+',-*.-*! */0 '#12* :, "7*-'4 u1 = 0✱ v1 = 0 !$ !"#(!

-"1(#,4&'$,4✳ ➮ <#, ,G'2*"/%4 .";1 )#*#✱ 0,#,/1 &#, /% ';1&*"/ ?"-".*#,.✱ *

;*2*&* ?"-".*#,.*− $%.*7*#%$*#) :, "7*-'!✱ 0,<#,/1 -"1(#,4&'$,(#) -1 "$,4

*/0 '#12% 0,2#$".G2*"# 0.*$' )-,(#) -*H'8 .*((1G2"-'4✳

➚-* '; $#,.,4 */0 '#12%A2
2 = 4 ;-*&'#" )-, ,( ,G-"- ?.,/,;2:'/' /*#"✲

/*#'&"(:'/' 0.",7.*;,$*-'!/'✳ @"/ -" /"-"" /% ;-*"/ 0, ";-," ($,4(#$, ✭(/✳

$#,.1> ? *$1 0,(,7'!✮ :, "7*#" )-%8 ('(#"/✱ &#, 1(#,4&'$%" ' -"1(#,4&'$%"

0, ,G"-'! .*$-,$"('!✱ ,71( ,$ "--%" $'2,/ 0,#"-+'* )-,4 <-".?''✱ $("?2* &"✲

."21>#(!✳ F#, ;-*&'#✱ &#, "( ' /% 2,:*;* '✱ &#,A2
1 = 0 (,,#$"#(#$1"# -"1(#,4✲

&'$,/1 (,(#,!-'> ('(#"/%✱ #, A2
2 2, G-* (,,#$"#(#$,$*#) 1(#,4&'$,/1 :, "✲

✼✺



 !"#$%&'() *#+,()✳ ✃'&#/&'✱ 1"' &#2"*'3'# ' '2&'4!&,# *#5)$%"!"!✱ '6&!7' 4

2$)/!# )*!4&#&,8 ➶!&✲6#*✲;'$8 − <*!4,$%&'#✳

;'64#6#( 7*!"7,= ,"'3 1"'= 5!6!/#✳ >*!4&#&,# ➶!&✲6#*✲;'$8 '<,2?4!#" 7'✲

$# !&,8 4 &#$,&#=&'= 2,2"#(#✱ 6$8 7'"'*'= 2)@#2"4)#" '6&! '"$,/&!8 '" &)✲

$8 )2"'=/,4!8 !(<$,")6! 7'$# !&,= , &#)2"'=/,4!8 &)$#4!8 2"!A,'&!*&!8 !(✲

<$,")6!✳ ;*, B)&7A,'&,*'4!&,, 1"'= 7'$# !"#$%&'= 2,2"#(? *#!$,5)#"28 "!7

&!5?4!#(?= ✑(837,=✑ *#+,( 4'5 )+6#&,8 3#&#*!"'*!✱ "✳#✳ 7'$# !&,8 <$!4&'

&!*!2"!D" '" &)$8 6' 7'&#/&'3' 5&!/#&,8✳ ➬!6!/! *#F#&!✳

➬!6!/! ➑ ✷✸✳ ✃!/#$,✳ J#F,( 5!6!/) ' 4?&)+6#&&?K 7'$# !&,8K 4 $,&#=&'=

2,2"#(# <*, '6&'4*#(#&&'( <!*!(#"*,/#27'( , 4&#F&#( 2,$'4'( 4'56#=2"4,8K✳

❒?  )6#( ,5)/!"% <'6' &?# 7'$# !&,8 &! <*,(#*# 1$#7"*,/#27'= A#<,✱ ,5' ✲

*!+➻&&'= &! *,2✳ ✹✳✷✳

 !"✳ ✹✳✷✳ &'()*+!,(")-. /(01 ✭"'(3-✮ ! (➻ 6(7-8!,(")!9 -8-':; ✭"0+-3-✮ ✭) <-=-,( ➑ ✷✸✮

➶ 1"'= 5!6!/# (? 4<#*4?# 2"!$7,4!#(28 2 <!*!(#"*,/#27,( 2<'2' '( 4'5 )+6#✲

&,8 7'$# !&,=✱ 7'"'*?= 5!7$D/!#"28 4 <#*,'6,/#27'( 4!*%,*'4!&,, &#7'"'*'3'

<!*!(#"*! 5!6!/,✳ ➶ ,5' *!+#&&'= 1$#7"*,/#27'= 2K#(# &#5!")K!D@,# 7'$# !✲

&,8 4 5!(7&)"'( 7'&")*# ' )2$'4$#&? 64)(8 B!7"'*!(,✳ ➶'✲<#*4?K✱ <*,2)"✲

2"4)#" ",<,/&'# 4&#F&## 2,$'4'# 4'56#=2"4,# '" ,2"'/&,7! O➘Q 2 !(<$,")6'=

Em , /!2"'"'= p✳ ➶'✲4"'*?K✱ ➻(7'2"% 7'&6#&2!"'*! 84$8#"28 4!*%,*)#(?( <!✲

✼✻



 !"#$ %" &!'!()✱ $✳#✳ C = C(t)✳ ➮&"#-#-)# ➻"/%0$) 1 %)02%')$ 0 (!0$%$%3 ω✱

1%4$%"5 C(t) )"##$ 6)'

C(t) =
C0

1 +m cos(ωt)
,

7'# m ≪ 1 − 8#& !&"# -93 1! !"#$ "%'5:;<))✱ C0 − /%-0$!-$!✳ ➪%:>?)"

1 #)"5@#0$6%"  !00"!$ )6!#"%3 &!'!() ;6:;#$0; $%✱ ($% ':; -#➻ 05@#0$65#$

)-$5)$)6-% 1%-;$-93 "#2!-)(#0/)3 !-!:%7✳ ➘#30$6)$#:>-%✱ /%:#8!-); 6 )&5✲

(!#"%" 4:#/$ )(#0/%" /%-$5 # 1%:-%0$>C !-!:%7)(-9 /%:#8!-);" /!(#:#3 1 )

%'-%6 #"#--%" 1! !"#$ )(#0/%" ) 0):%6%" 6%&'#30$6))✳ D):%6%# 6%&'#30$6)#

&!/:C(!#$0; 6 $%"✱ ($% %')- )& 4/01# )"#-$!$% %6✱ )&%8 !E#--92 01 !6! -!

 )0✳ ✹✳✷✱ 1%0 #'0$6%" 6# #6/) 0 (!0$%$%3 p $%:/!#$ /!(#:)✳ H! !"#$ )(#0/%#

6%&'#30$6)# &!/:C(!#$0; 6 $%"✱ ($% 6$% %3 4/01# )"#-$!$% 1 )0#'!#$ ✭1%'7)✲

8!#$ -%7)✮ ) $#" 0!"9" )&"#-;#$ ':)-5 4/6)6!:#-$-%7% "!$#"!$)(#0/%7% "!;$✲

-)/! l✳ ➪5'#" 1% "# # -!'%8-%0$) 6%&6 !@!$>0; / 4$%3 "#2!-)(#0/%3 !-!:%7)) )

6 '!:>-#3?#"✱ ! 1%/! ($% -!1)?#" 5 !6-#-)# /%:#8!-)3 $%/! 6 4:#/$ )(#0/%"

/%-$5 #

L
dI

dt
+RI +

∫ t

−∞

I(ξ)[1 +m cos(ωξ)]

C0
dξ − Em cos(pt+ ϕ) = 0.

❮#%82%')"% '!$> /%""#-$! )3 %$-%0)$#:>-% 6)'! 6-#?-#3 69-5E'!C@#3 0):9✳

➬-!/ ✑")-50✑ 1%0$!6:#- 0 <#:>C 0%7:!0%6!-); 1%:; -%0$) )0$%(-)/! -!1 ;E#✲

-); ) -!1 !6:#-); $%/! I 6 /%-$5 #✳ ❮!(!:>-!; N!&! ϕ %1)096!#$ N!&%6%# 0%✲

%$-%?#-)# "#E'5 0):%69" ) 1! !"#$ )(#0/)" 6%&'#30$6);")✳ ➘:; 1%-)"!-);

-#%82%')"%0$) 66#'#-); ϕ 5'%8-% 1 )8#7-5$> / "#2!-)(#0/%3 "%'#:) ) 601%"✲

-)$> :)(-93 %19$ )& '#$0$6!✱ /%$% 93 7%6% )$ % $%"✱ ($% ':; 1! !"#$ )(#0/%3

 !0/!(/) /!(#:#3 1%'E)"!$> )  !01 ;":;$> -%7) -!'% -# 0:5(!3-9" %8 !&%"✱ !

6 01#<)!:>-9# "%"#-$9 6 #"#-)✱ )-!(# '%8)$>0; "!/0)"!:>-%3 !"1:)$5'9 /%✲

✼✼



 !"#$%& '#(! !& ")*!+ $!,-./-0$-✳ ✃#' 34#,% -✱ $#% )(6!7- 4!.) 8+#+# ✭),!✲

 %(!$%; #/3 %+)*< '- !"#$%& .# =(!+ 3#4#/!+4%(!='-7- ,-.*!&=+,%;✮ /-0$-

*-"%+8=;✱ != % (#=+-+# 3#4#/!+4%(!='-7- ,-.*!&=+,%; , ✷ 4#.# "- 86! (#=+-+<

=-"=+,!$$<@ '- !"#$%& ✭ω ≈ 2ω0✮✱ (+- +-0! ,=!/ @-4-6- %.,!=+$- 3-  %($-/)

-3<+)✳ ➚$# -7%($- /-0$- ='#.#+8 % 34- 4#='#(%,#$%! '#(! !& ,$!6$!& ,<$)0✲

*#BC!& =% -&✱ − !➻ 4%+/ *- 0!$ =--+,!+=+,-,#+8 =-"=+,!$$</ '- !"#$%;/ '#✲

(! !&✳ E#'✱ F+% *,# 4#==)0*!$%; 34%,-*;+ $#= ' /<= % - +-/✱ (+- % /!0*) =-"-&

,$!6$!! % 3#4#/!+4%(!='-! ,-.*!&=+,%; +-0! *- 0$< "<+8 =%$@4-$%.%4-,#$<

✭=-7 #=-,#$<✮✱ # (#=+-+# ,$!6$!7- ,-.*!&=+,%; *- 0$# "<+8 " %.'# ' (#=+-+!

=-"=+,!$$<@ '- !"#$%& ✭ω0/p ≈ 1✮✳ G+- -"=+-;+! 8=+,- % $#6 - -+4#0!$%! ,

3-;, !$%% 4#.$-=+% H#. ϕ✳

✃#' 34!0*!✱ 3!4!&*!/ ' $-,-& 3!4!/!$$-& − F !'+4%(!='-/) .#4;*) x %

4#.*! %/ )4#,$!$%! $# L

d2x

dt2
+

R

L

dx

dt
+

1

LC0
[1 +m cos(ωt)]x =

Em

L
cos(pt+ ϕ).

➶,!*!/ $-,<& /#=6+#" ,4!/!$% τ = pt✱ (+- )0! -7-,#4%,# -=8 4#$!!✱ $- $! %6✲

$%/ ")*!+ 3-,+-4%+8✿ , = )(#! ,<$)0*!$$<@ '- !"#$%& $!-"@-*%/- %=3- 8.-✲

,#+8 /#=6+#"✱ @#4#'+!4$<& * ; ,$!6$!& ,<$)0*#BC!& =% <✳ ➘# !! ,,-*%/

34%,<($<! % $-,<! -"-.$#(!$%;

ω2
0 =

1

LC0
, 2δ =

R

pL
, χ =

Em

p2L
,

ω2
0

p2
= (1− ζ).

➬*!=8 ,,!*!$< $-,<! 3!4!/!$$<! χ − #/3 %+)*# ,$!6$!& ,<$)0*#BC!& =% <✱

% ζ − 4#==+4-&'# (#=+-+<✳ G+# ,! %(%$# /# # ζ << 1✱ 3-+-/) (+-

!= %

ω0

p
≈ 1, +-

(
ω0

p

)2

→ 1.

✼✽



 !"#$!%&#'%((#" )!%'("(*" *+"", '*-

x′′ + 2δx′ + (1− ζ)[1 +m cos(2τ)]x = χ cos(τ + ϕ).

.%/0!#"+ /0#$0* * )1,➻+✱ 1,# 4!#*&'"-"(*" ζm 5'65",/5 '"6*1*(#7 $#689"✲

;# 4#!5-0% +%6#/,*✱ 1"+ '/" #/,%68(<" 4%!%+",!< &%-%1*✱ 4#=,#+) /6%;%"+<+

ζm cos(2τ)x +#>(# 4!"("$!"18✳ ❰0#(1%,"68(<7 '*- )!%'("(*5

x′′ + x = −2δx′ + ζx−m cos(2τ)x+ χ cos(τ + ϕ)︸ ︷︷ ︸
=µf(x,x′)

.

➶<1*/6*+ ✭#4)/0%5 ;!#+#&-0*" '<1*/6"(*5✮ )0#!#1"((<" )!%'("(*5





〈u′〉 = −δu− vζ

2
− mv

4
+

χ sin(ϕ)

2
,

〈v′〉 = −δv + uζ

2
− mu

4
+

χ cos(ϕ)

2
.

✭✹✳✷✶✮

G6"-)H*7 9%; 4!"-4#6%;%", '<1*/6"(*" /,%I*#(%!(<J %+46*,)-✳ ➶ =,#7 &%-%1"

+< /,%60*'%"+/5 / ,"+✱ 1,# ()6"'%5 /,%I*#(%!(%5 %+46*,)-% #,/),/,')",✳  !*✲

1*(% ,#+) &%06K1%",/5✱ 0#("1(#✱ ' (%6*1** '("9("7 '<()>-%KH"7 /*6<✳ L"+

(" +"("" (%7,* /,%I*#(%!()K %+46*,)-) +#>(#✱ "/6* 4!"#$!%&#'%,8 /*/,"+)

)!%'("(*7 0 '*-) ✭4!*!%'(5' ()6K 〈u′〉✱ 〈v′〉✮




δu+
vζ

2
+

mv

4
=

χ sin(ϕ)

2
,

δv − uζ

2
+

mu

4
=

χ cos(ϕ)

2
.

✭✹✳✷✷✮

✼✾



 !"#$%$& '(%()*+$ ,-./.$&+$ " '(%/(0(#"& ,",0$&1 2 %.-3*$45$&1 !$5$*"6





δu+ v

(
ζ

2
+

m

4

)
=

χ sin(ϕ)

2
,

u

(
m

4
− ζ

2

)
+ δv =

χ cos(ϕ)

2
.

✭✹✳✷✸✮

➶ *.,0(>?$& ,-1@.$ *$0 '$!$2!$,0*+A ,-./.$&+A ✭#"%. uv✮✱ '(C0(&1 ,",0$&1

&(D*( !$5"03 -6)+& '(%A(%>?"& &$0(%(&✱ *.'!"&$!✱ &$0(%(& ✃!.&$!.✱ %->

@$/( *$()A(%"&( #+@",-"03 0!" ('!$%$-"0$->

∆0 = δ2 −
(
m2

16
− ζ2

4

)
,

∆1 =
δχ sin(ϕ)

2
− χ cos(ϕ)

2

(
m

4
+

ζ

2

)
,

∆2 =
δχ cos(ϕ)

2
− χ sin(ϕ)

2

(
m

4
− ζ

2

)
,

. ",2(&+$ ,0.F"(*.!*+$ .&'-"01%+ )1%10 !.#*+ ,((0#$0,0#$**(

u1 =
∆1

∆0
, v1 =

∆2

∆0
.

➬.&$0"& #.D*($ ,#(4,0#( '(-1@$**+A .&'-"01% − (*" ()$ '!('(!F"(*.-3*+

u1 ∼ χ✱ v1 ∼ χ .&'-"01%$ #*$5*$4 #+*1D%.6?$4 ,"-+✳ H0()+ '!(%(-D"03

.*.-"I '(-1@$**(/( !$5$*">✱ #+@",-"& 2(*$@*16 .&'-"01%1 ,0.F"(*.!*(/( 2(✲

-$).*"> A2 = u2 + v2

A2 =



4δ2 + ζ2 +

m2

4
− 2δm sin(2ϕ) +mζ cos(2ϕ)

[
4δ2 −

(
m2

4
− ζ2

)]2


χ2. ✭✹✳✷✹✮

✽✵



➮! "#$%$ &'()*+,-. /0+12+# $1-, &)*,+34-3 &'&$1✱ ) -6+,,$✱ +/0-

(
m2

4
− ζ2

)
= 4δ2 ,

#$ & /-/#+6+ &$!,-7,+# ,+$%(),-8+,,$+ ,)()/#),-+ )690-#21' 7$0+:),-3✳ <#$#

&'&$1 &)*+, #+6✱ 8#$ 9$1$:,). /-#2)=-. & 9(-,=-9+ ,+&$!6$*,) & /028)+ $:'8✲

,$%$ (+!$,),/) & /-/#+6+ / !)#2?),-+6✳ ❮)9(-6+(✱ +/0- ()//6$#(+#A /028)3 (+✲

!$,),/) & 9$/0+1$&)#+0A,$6 R − L − C 7$0+:)#+0A,$6 7$,#2(+✱ #$ )690-#21)

7$0+:),-3 :21+# $%(),-8+,)R✱ 7)7-6 :' 6)0'6 "#$ /$9($#-&0+,-+ ,+ :'0$✳ ➚ &

/028)+ &',2*1+,,'? 7$0+:),-3 $1,$&(+6+,,$ / 9)()6+#(-8+/7-6 &$!1+3/#&-✲

+6 :+/7$,+8,$ :$0A4). )690-#21) &$!6$*,)✱ ,+/6$#(. ,) ,)0-8-+ & 7$,#2(+

,+,20+&$%$ /$9($#-&0+,-. R✳ <#$ $:C./,.+#/. #+6✱ 8#$ ",+(%-.✱ &,$/-6). &

7$,#2( !) /8+# 9)()6+#(-8+/7$%$ &$!1+3/#&-. ,) C✱ 7$69+,/-(2+# ",+(%+#-8+✲

/7-+ 9$#+(-✱ &$!,-7)DE-+ & R✱ - ($/# )690-#21' (+!$,),/,'? 7$0+:),-3 2*+

,-8+6 ,+ /1+(*-&)+#/.✳ F$"#$62 9(- 9($8-? ()&,'? 2/0$&-.? 9)()6+#(-8+✲

/7-3 (+!$,),/ & #+?,-7+ &/+%1) /-0A,++ (+!$,),/) $:'8,$%$✱ 8#$ 6$*+# :'#A

- 9$0+!,$ ✭2/-0+,-+ /0):'? /-%,)0$&✮ - $9)/,$ ✭()!(24+,-+ )99)()#2(' 9$1

&$!1+3/#&-+6 &'/$7$%$ ,)9(.*+,-.✮ & !)&-/-6$/#- $# /-#2)=--✳ ➶)*,$ #)7*+

$:/21-#A ()!6+(,$/#A "#$%$ &'()*+,-.✳ ➬)6+#A#+✱ 8#$ 9)()6+#( 6$120.=-- -

()//#($37) 8)/#$#' − :+!()!6+(,'+ &+0-8-,' 9$ 2/0$&-D !)1)8-✱ ) δ − "#$ ,+
1+7(+6+,# !)#2?),-.✱ ) #$*+ :+!()!6+(,). &+0-8-,)✱ ()&,). $#,$4+,-D 9+(-$✲

1) &,+4,+3 &',2*1)DE+3 /-0' - ?)()7#+(,$%$ &(+6+,- (+0)7/)=-- 7$0+:),-3

& 7$,#2(+✳

➶+(,➻6/. 7 $:/2*1+,-D !)1)8-✳ ➶'()*+,-+ ✭✹✳✷✹✮ /0-47$6 %($6$!17$+✱ 8#$✲

:' -! ,+%$ 6$*,$ :'0$ /1+0)#A 7)7-+✲#$ &'&$1'✳ F$"#$62 6' ()//6$#(-6 0-4A

9(+1+0A,'3 /028)3 (+!$,),/)✱ 7$%1) 8)/#$#) &,+4,+3 &',2*1)DE+3 /-0' ()&✲

✽✶



 ! "!#$%$& #%'#$(&  )* +%,&'! -. +% $/0! '&1 2%$&03 p = ω0✱ $✳&✳ ζ = 0✳ 6%78!

A2 =



4δ2 +

m2

4
− 2δm sin(2ϕ)

[
4δ2 − m2

4

]2


χ2. ✭✹✳✷✺✮

6!+%. %$(&$ $%>& 8%2/#+!&$ ? %>&#$(% (!0-! $%(✱  % (#& % - @(,@A$#@ 20%✲

?&>/$%" )?- 2% %$ %C& -A + 8(/? 20&8&,3 )? #,/"!@?✱ +%78! ϕ = π/4 -

ϕ = −π/4✳ D$- 8(! #,/"!@  !1)(!A$#@ #%%$(&$#$(&  %

(ϕ = π/4) A1 =
χ

2δ +
m

2

✭#,!'). 0&1% ! #✮✱

(ϕ = −π/4) A2 =
χ

2δ − m

2

✭#-,3 ). 0&1% ! #✮✳

❰$,-"-& ?&>8/ #,!')? - #-,3 )? 0&1% ! #%? 1!+,A"!&$#@ ( $%?✱ "$% 20- #,!✲

'%? 0&1% ! #& "!#$3 F &07--✱ +%$%0/A 2%,/"!&$ #-#$&?! %$ ( &C &7% -#$%" -+!

✭E✮✱ 0!#*%8/&$#@  &  ! /(&,-"& -& !?2,-$/8) +%,&'! -.✱ ! '&1(%1(0!$ % 2&✲

0&8!&$#@ -#$%" -+/ 2!0!?&$0-"&#+%7% (%18&.#$(-@✳ ➶ ?&*! -"&#+%? 20-?&0&

# +!"&,@?- F$% %1 !"!&$✱ "$% "!#$3 F &07-- F+#2&0-?& $!$%0!✱ +%$%0). #$%-$

 ! 1&?,&✱ 2&0&8!➻$#@ ($%0%?/ F+#2&0-?& $!$%0/✱ !  & -8➻$  ! /(&,-"& -& !?✲

2,-$/8) +%,&'! -. +!"&,&.✳ ➬!?&$3$&✱ "$% ( F$%? #,/"!& '&#+% &" % '%,3C%.

!?2,-$/8) +%,&'! -. ')$3  & ?%>&$✱ $!+ +!+ -#$%" -+ 2!0!?&$0-"&#+%.  !+!"✲

+- #!? @(,@&$#@ F+(-(!,& $ )? #%20%$-(,& -&?✱ (+,A"➻  )? 2%#,&8%(!$&,3 %

( +% $/0✳ ➶ #,/"!& #-,3 %7% 0&1% ! #! ( &C && #-,%(%& - 2!0!?&$0-"&#+%& (%1✲

8&.#$(-@ #- *0% -1-0%(! ) - (#@ F &07-@ -8&$  ! /#-,& -& +%,&'! -.✳ ➶ F$%?

#,/"!& !?2,-$/8! +%,&'! -. #2%#%' ! '&170! -" % 0!#$- #% (0&?& &?✳

➶ #(@1- # 70%?%18+-?- ?!$&?!$-"&#+-?- ()+,!8+!?- ?)  & '/8&? 18&#3

✽✷



 !"#$%"&#'( )*)+#$ ,-'"./#%"-'#  "+,/0**". -')1#"*)!*". )2 +#',&3✳ ➬)20✲

'#2 ')780 *) "-+0&"7✱ /'" 23 !0:)+# $)&)/, % +#*0.*".2  !#;+#80*##✱ # <'"

";,-+)%+#%)0' %"$2"8*"-'( -,=0-'%"%)*#> A2 →∞✳ ➶ !0)+(*3@ -#-'02)@  !#

$)20'*"2 ,%0+#/0*## )2 +#',&3 7"+0;)*#. *)/#*)A'  !">%+>'(-> *0+#*0.*30

-%".-'%) %-0@ 7"2 "*0*'"% -#-'023✱ % '"2 /#-+0 # -" !"'#%+0*#> ✭'!0*#>✮✳ D'"'

*0+#*0.*3. !"-'  "'0!( % 7"*10 7"*1"% -&0!8#%)0' *)!)=#%)*#0 )2 +#',&3

7"+0;)*#.✳ ❰; <'"2 #  ".&0' !0/( % -+0&,A=0. 7+)--#/0-7". $)&)/0✳

➬)&)/) ➑ ✷✹✳ ❰I!)*#/0*#0 )2 +#',&3  )!)20'!#/0-7#@ 7"+0;)*#. $) -/0'

*0+#*0.*"I" $)',@)*#> ✭'!0*#>✮✳ ➘)*) -@02)✱ #$";!)80**)> *) !#-✳ ✹✳✸✳ ❮0";✲

@"&#2" #--+0&"%)'( %-0 7"+0;)'0+(*30 !08#23✱ %"$2"8*30 % &)**". -#-'020✱

0-+# -" !"'#%+0*#0 *0+#*0.*" $)%#-#' "' -#+3 '"7)✱  !"'07)A=0I" /0!0$ *0I"

R = R0(1 + β0I
2).

 !"✳ ✹✳✸✳ ✃'()*+,)(-./0 1'.,23 ✭1 5+6+7) ➑ ✷✹✮

➶ <'". 10 # *0' #-'"/*#7) %*0:*0. %3*,8&)A=0. -#+3✱ *" 0-'( ✭*0 #$";!)✲

8➻* *) -@020✮ #-'"/*#7 %*0:*0.  )!)20'!#/0-7". *)7)/7# ✭'0!2#* ✑*)7)/7)✑

"O#1#)+(*" #- "+($,0'-> % !,--7">$3/*". +#'0!)',!0✱  "-%>=0**". '0"!## 7"✲

+0;)*#.✱  " )*)+"I## - )*I+#.-7#2 '0!2#*"2 ✑♣✉♠♣✑ − *)-"-✱  "2 )✱ #- "+(✲

$,A=#2->  "%-020-'*"✱ % '"2 /#-+0 # % O#$#70 +)$0!"%✮✳ ➮-'"/*#7 ✭I0*0!)'"!✮

*)7)/7# 2"80' ;3'( 7)7 20@)*#/0-7#2✱ ')7 # <+07'!#/0-7#2✳ ➘+>  !"-'"'3

✽✸



 !"#! $%&'()*+,-). (&/& 0%1+!21$#34  &5*#16 ✱ 0!)!%34 $&%1!'18&(01 (/,1✲

"*&) 1 %*6'+1:*&) !/0,*'01 $,!(0!:! +!6';2#!:! 0!#'&#(*)!%*C✳

❮*8#& %&2&#1& 6*'*81 (! ()*#'*%)#!:! 2*:* − 6*$12& ;%*+#&#1& ✃1%5✲

:!?* ',- 0!#);%*✱ 1($!,.6;- 6*%-' x + 0*8&()+& $&%& &##!4

L
d2x

dt2
+R0

dx

dt

(
1 + β0

(
dx

dt

)2
)

+
1

C0
(1 +m cos(2ωt))x = 0.

➶3/&%& #!+34  *(2)*/ +%& &#1 τ = ωt✱ %*+#34 !'#! ; $&%1!'; 0!,&/*#1- (

8*()!)!4 ω✱ $%1 A)! ✱ 0*0 +(&:'*✱ 8*()!)* :&#&%*)!%* $*%* &)%18&(0!4 #*0*801

%*+#* ;'+!&##!4 8*()!)& 0!,&/*#14✱ 0!)!%3& #&!/5!'1 ! ;(1,1+*).✳ B%&!/%*✲

6;& ;%*+#&#1& 0 +1';

x′′ + x = −2δx′ − 2δβ(x′)3 + ζx−m cos(2τ)x︸ ︷︷ ︸
=µf(x,x′)

,

:'& β = β0ω
2
✱ 2δ = R0/(Lω)✱ ζ = 1 − ω2

0/ω
2
✳ ❰$;(0*- +381(,&#1-✱ $%1+&'& 

0!#&8#34 +1' ;0!%!8&##35 ;%*+#&#14





Φ(u, v) = −δ
(
1 +

3

4
βA2

)
u− 1

2

(m
2
+ ζ
)
v,

Ψ(u, v) =
1

2

(
ζ − m

2

)
u− δ

(
1 +

3

4
βA2

)
v,

✭✹✳✷✻✮

:'& (#!+* A2 = u2 + v2✳ ✃*0 +(&:'*✱  3 $!,;81,1 (1()& ; '1??&%&#I1*,.#35

;%*+#&#14✱ 0!)!%;J #& ;'*➻)(- $%!1#)&:%1%!+*).✳ ❰'#*0! 1 + A)! (,;8*& &().

+!6 !"#!(). #*4)1 ()*I1!#*%#3& (!()!-#1- 1 1((,&'!+*). 15 ;()!481+!().✳

B&%+*- ()*I1!#*%#*- * $,1);'* +1'#* (%*6;− A)! #;,&+*- * $,1);'*

u1 = 0, v1 = 0.

✽✹



 !"#$ %&'!( )!"*+, &-./(!+0+✱ .*2"#*&3+2- 4(4!2-+ +*&)%2%('





δ

(
1 +

3

4
βA2

2

)
u2 = −

1

2

(m
2
+ ζ
)
v2,

1

2

(
ζ − m

2

)
u2 = δ

(
1 +

3

4
βA2

2

)
v2.

✭✹✳✷✼✮

➘&/22 ."3%&<"-(-4= 4 2>2 "0%(- -2!"0"-✱ ."3)"/=,>(- &%&/(3(*")&!? +<"*"✲

A2%%$2 +*&)%2%(=✳ B"02/(- +*&)%2%(= "0%" %& 0*+C"2 ✭D!" -"E%" 402/&!?✱ !&<

<&< u2, v2 3&)20"-" %2 *&)%$ %+/,✮ ( ." 4)"'4!)+ .*"."*F(( ."/+A(- )$*&E2✲

%(2

δ2
(
1 +

3

4
βA2

2

)2

=
1

4

(
m2

4
− ζ2

)
,

"!<+0&

(A2
2)1,2 =

4β

3

(
−1± 1

2δ

√
m2

4
− ζ2

)
.

✃"*2%? 4" 3%&<"- ✑-(%+4✑ .2*20 )!"*$- 4/&C&2-$- ) 4<"#<2 %2 (-22! I(3(A2✲

4<"C" 4-$4/&✱ !&< <&< <)&0*&! &-./(!+0$ "<&3$)&2!4= "!*(F&!2/?%$-✳ B" D!"'

.*(A(%2 "4!&2!4= !"/?<" "0(% <"*2%?

A2
2 =

4β

3

(
1

2δ

√
m2

4
− ζ2 − 1

)
.

J!" )$*&E2%(2✱ )"✲.2*)$K✱ ."3)"/=2! )$A(4/(!? %2."4*204!)2%%" 4&-+ 4!&F(✲

"%&*%+, &-./(!+0+✱ &✱ )"✲)!"*$K✱ =)/=2!4= +4/")(2- 4+>24!)")&%(= D!"'✱ "!✲

/(A%"' "! %+/=✱ &-./(!+0$

ζ2 <
m2

4
− 4δ2. ✭✹✳✷✽✮

M4/")(2 3&.(4&%" (-2%%" 0/= *&44!*"'<( A&4!"!$ ζ ."!"-+✱ A!" .&*&-2!*$m (

δ =)/=,!4= (4K"0%$-( .&*&-2!*&-( 3&0&A(✱ & *&44!*"'<+ -"E%" )&*?(*")&!?✳

✽✺



➮!!"#$%#& '()*!"#++(# !,-.*/+-0+(# -&1"*,%$( +- %!,/2)*'/!,3✳ ✃-6 %7#

/,&#)-"/!3 0-+##✱ %$/9+## '!#:/ *!!"#$/'-,3 !/!,/;+*# 1/6/; ! +%"#'/2 !,-.*/✲

+-0+/2 -&1"*,%$/2✳ ➘"; >,/:/ '()*!"*& 6/>??*.*#+,( ' 0;$-@ A#2"/0-

a11 =

(
∂Φ

∂u

)

u1,v1

= −δ, a12 =

(
∂Φ

∂v

)

u1,v1

= −1

2

(m
2
+ ζ
)
,

a21 =

(
∂Ψ

∂u

)

u1,v1

=
1

2

(
ζ − m

2

)
, a22 =

(
∂Ψ

∂v

)

u1,v1

= −δ.

B/$!,-'*& '()*!"#++(# 6/>??*.*#+,( ' !*!,#&% %0-'+#+*2✱ /1*!('-CD*@

>'/"C.*C '/E&%D#+*2 ξ✱ η !,-.*/+-0+(@ -&1"*,%$✱ 1/!"# )#:/ /,(D#& +#,0*✲

'*-"3+(# 0#F#+*;✱ 10*0-'+;' +%"C /10#$#"*,#"3 !*!,#&(

λ2 + 2δλ+ δ2 +
1

4

(
ζ2 − m2

4

)
= 0.

G,/ 6'-$0-,+/# %0-'+#+*# 1/E'/";#, '()*!"*,3λ✳ ✃-6 &( 1/&+*&✱ #!"*ℜ(λ) <
0✱ ,/ !//,'#,!,'%CD-; !,-.*/+-0+-; -&1"*,%$- ;'";#,!; %!,/2)*'/2✱ - ' 10/✲

,*'+/& !"%)-# − +#%!,/2)*'/2✳ ❰$+-6/ 1/"%)#++/# %0-'+#+*# ;'";#,!; +# 10/✲
!,(&✱ - 1-0-&#,0*)#!6*&✱ * '('/$( /,+/!*,#"3+/ %!,/2)*'/!,* 9%$%, !*"3+/

E-'*!#,3 /, 6/&9*+-.** 1-0-&#,0/' E-$-)*✳ B/>,/&% &( +#!6/"36/ 1/&#+;#&

1/$@/$ 6 >,/2 )-!,* 10/9"#&( * 10/-+-"*E*0%#& %0-'+#+*# ! ?/0&-"3+/2✱ :#/✲

&#,0*)#!6/2 ,/)6* E0#+*;✱ - *&#++/✱ E-$-$*&!; '/10/!/& / ,/&✱ ' 6-6/& !"%)-#

/9- 6/0+; 1-0-9/"( '*$-

λ2 + aλ+ b = 0

&#+3F# +%";✳ ➘"; >,/:/ /$+/'0#&#++/ $/"7+/ '(1/"+;,3!; $'- %!"/'*;

a > 0, b > 0.

✽✻



 !"#$! %& '%( )*$#+!,#$"-!,.- /#,$0/,%1!.2%✱ ,/2 2/2 δ $4%.5#/!, *%..%4/✲

,%#'5! .#$7.,#/ .%.,!05 % 4$ 8,$7 4"%1%'! a = 2δ #.!9*/ :$+;<! ')+-✳ ➘+-

2$8??%@%!',/ b .%,)/@%- .+$A'!! %&✲&/ 2$0:%'/@%% 4/"/0!,"$#✱ / %0!''$ '!$:✲

($*%0$✱ 1,$:5 #54$+'-+$.; '!"/#!'.,#$

δ2 +
1

4

(
ζ2 − m2

4

)
> 0.

✃/2 % "/';<!✱ "/..,"$72/ 4$ 1/.,$,! -#+-!,.- %&0!'-!050 # 82.4!"%0!',! 4/✲

"/0!,"$0✱ 4$8,$0) .?$"0)+%")!0 8,$ '!"/#!'.,#$ %0!''$ *+- ζ

ζ2 >
m2

4
− 4δ2. ✭✹✳✷✾✮

❒5 4$+)1%+% ).+$#%! ✭✹✳✷✾✮ ).,$71%#$.,% ')+!#$7 .,/@%$'/"'$7 /04+%,)*5

A2
1 = 0✱ 2$,$"$! $1!'; +$9%1'$ '/4"-0)I 4"$,%#$"!1%, ).+$#%I ✭✹✳✷✽✮ .)✲

K!.,#$#/'%- '!')+!#$7 /04+%,)*5 A2
2 6= 0✳ L,$, "!&)+;,/, .+!*)!, 4$'%0/,;

.+!*)IK%0 $:"/&$0✳ ✃$9*/ "/..,"$72/ 4$ 1/.,$,! :$+;</- ✭,✳!✳ #54$+'-!,.-

✭✹✳✷✾✮✮✱ .)K!.,#)!, ).,$71%#/- ')+!#/- /04+%,)*/✱ / 2$9*/ "/..,"$72/ 4$ 1/.,$✲

,! .,/'$#%,.- 0/+!';2$7 ✭'/1%'/!, #54$+'-,;.- ✭✹✳✷✽✮✮✱ ')+!#/- .,/@%$'/"'/-

/04+%,)*/ .,/'$#%,.- '!).,$71%#$7✱ &/,$ 4$-#+-!,.- '!')+!#/- % ✭4$ .#$7.,#)

1!"!*$#/'%- ✑).,$71%#$!✴'!).,$71%#$!✑✮ ).,$71%#/- .,/@%$'/"'/- /04+%,)*/✳

L,/ &/2$'$0!"'$.,; %&$:"/A!'/ '/ 2"%#$7 4/"/0!,"%1!.2$9$ "!&$'/'./✱ %&$:✲

"/A!''$7 '/ "%.✳ ✹✳✹✳

❰:.)A*!'%! &/*/1%✳ ➮& 2"%#$7 4/"/0!,"%1!.2$9$ "!&$'/'./ #%*'$✱ 1,$ $,✲

+%1'5! $, ')+- 2$+!:/'%- # 2$',)"!✱ %&$:"/A!''$0 '/ "%.✳ ✹✳✸✱ 0$9), .)K!✲

.,#$#/,; %.2+I1%,!+;'$ :+/9$*/"- 8'!"9%% 9!'!"/,$"/ '/2/12% ,$+;2$ # ,$0

.+)1/!✱ !.+% 1/.,$,/ 9!'!"/,$"/ '/2/12% $,+%1/!,.- $, .$:.,#!''$7 1/.,$,5

2$',)"/ '! :$+;<!✱ 1!0 "!9+/0!',%"$#/'$ ).+$#%!0 ✭✹✳✷✽✮✳
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 !"✳ ✹✳✹✳ ✃&!'() *(&(+,-&!.,"/010 &,203(3"(✳ 4"-05.!'6, "0"-0)3!) 07023(.,36 /&89/(+!✱

3,8"-05.!'6, − /&,"-(+!

➶ !"#$%&'#( )*+,-. /#*.0-'%1 2-$+3-4$ % '%/-/%3 /#*.0-'%5 & /#'$+". '.

#)$-.$)1✳ 7$#$ 8-/$ !"%'9%!%-*:'# #$*%,-.$ &;'+<=.'';. /#*.0-'%1 & /#'✲

$+". #$ !-"-(.$"%,.)/%3✳ ➘.5)$&%$.*:'#✱ &;'+<=.'';. /#*.0-'%1 & /#'$+".

)+A.)$&+4$ &).B=- & )%*+ $#B#✱ ,$# %)$#,'%/ &#2=.5)$&%1 1&*1.$)1 ,-)$:4 /#✲

*.0-$.*:'#B# /#'$+"-✳ ➶ )*+,-. !-"-(.$"%,.)/%3 /#*.0-'%5 B.'."-$#" '-/-,/%

'. 1&*1.$)1 ,-)$:4 /#*.0-$.*:'#B# /#'$+"-✱ - *%C: %2(.'1.$ #=%' %2 .B# !-✲

"-(.$"#& ✭& '-C.( )*+,-. − (.3-'%,.)/%( )!#)#0#( )0*%<-.$ % "-2=&%B-.$

#0/*-=/% &#2=+C'#B# /#'=.')-$#"-✮✳ F#G$#(+ G'."B%1 B.'."-$#"- '-/-,/% (#✲

<.$ !#B*#A-$:)1 /#'$+"#( % "-)3#=#&-$:)1 '- !#==."<-'%. /#*.0-'%5 $#*:/#

$#B=-✱ /#B=- &;!#*'1.$)1 &;B#='#. 8-2#&#. )##$'#C.'%. (.<=+ !-"-(.$"%,.✲

)/%( &#2=.5)$&%.( % )+A.)$&+4A%(% /#*.0-'%1( & /#'$+".✳

➘"+B%( )+A.)$&.'';( &;&#=#( 1&*1.$)1 $#✱ ,$# (-/)%(-*:'-1 -(!*%$+=-

A2 1&*1.$)1 /#'.,'#5 &.*%,%'#5 =-<. !"% ".2#'-'). ,-)$#$ ζ = 0 ✭& !".=;✲

=+A.5 2-=-,. -(!*%$+=- '.#B"-'%,.''# &#2"-)$-*-✮✳ 7$# #0+)*#&*.'#✱ /#'.,'#✱

'-*%,%.( '.*%'.5'#B# )#!"#$%&*.'%1 ✭$".'%1✮✳ ➬-=-,- ".C.'-✳

➬-=-,- ➑ ✷✺✳ F-"-(.$"%,.)/%5 !".#0"-2#&-$.*: ✭B.'."-$#"- &$#"#B# "#=-✮

) '.*%'.5'#5 ➻(/#)$:4 & &%=. ).B'.$#G*./$"%,.)/#B# /#'=.')-$#"-✳
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 !"#$%!&'$ ( !)!"%!&$%(* +$,$-(✳ ✃$' (+&*"#%!✱ &! &"*1 23*'#4!%%51

6"#4!7"#&$1 %$'$-'$ !"68*"#&39*#"9 %* :*1$%(-*"'(:✱ $ 23*'#4(-*"'(: ";!"!✲

)!:✳ ➘39 2#!>! & '!3*)$#*3?%57 '!%#64 &'3@-$*#"9 ";*A($3?%57 23*'#4(-*"'(7

>*%*4$#!4 %$'$-'(✱ '$' 2#! ;!'$+$%! %$ 4("✳ ✹✳✺✳

 !"✳ ✹✳✺✳ &'(')*+(!,*"-!. /(*01('203'+*45 " 6*4!6*.60. ➻)-0"+58

D$'$9 23*'#4(-*"'$9 "1*:$ %$+5&$*#"9 ;$4$:*#4(-*"'(: >*%*4$#!4!: &#!4!>!

4!,$ (:*%%! ;!#!:6✱ -#! (+:*%*%(* %*3(%*7%!>! ;$4$:*#4$ A*;( ✭& ,$%%!: "36✲

-$* − %*3(%*7%!7 ➻:'!"#( C✮ ;4!("1!,(# ;!, ,*7"#&(*: 23*'#4(-*"'!>! %$;49✲
H*%(9✱ $ %* :*1$%(-*"'!>! &!+,*7"#&(9✱ '$' 2#! ;4(%9#! & >*%*4$#!4$1 ;*4&!>!

4!,$✳ ➹*%*4$#!4 ;$4$:*#4(-*"'!7 %$'$-'( (:**# -$"#!#6✱ 4$&%6@ 6,&!*%%!7 -$✲

"#!#* "(>%$3$✱ '!#!457 ;3$%(46*#"9 6"(3(&$#?✳ D$'(: !)4$+!:✱ A*3? ;$4$:*#✲

4(-*"'!>! >*%*4$#!4$ − %* >*%*4(4!&$#? &5"!'!-$"#!#%!* '!3*)$%(* " -$"#!#!7
2ω✱ $ 6"(3(&$#? ;!3*+%57 "(>%$3 %$ -$"#!#* ω✳ ✃!%*-%!✱ +$4$%** "'$+$#?✱ '$'!7

)6,*# -$"#!#$ ;!3*+%!>! "(>%$3$✱ %*3?+9✱ ;!#!:6 -#! "!&4*:*%%5* :!,63(4!&$%✲

%5* "(>%$35 ;4*,"#$&39@# "!)!7 "4$+6 %*'!#!46@ ;!3!"6 -$"#!#✱ $ %* !#,*3?✲

%6@ -$"#!#6 ω✳ ❰,%$'! 2#! %* '4(#(-%!✱ #$' '$' K(4(%$ 2#!7 ;!3!"5 &"*>,$ ;!

$)"!3@#%!7 &*3(-(%* :%!>! :*%?K* ω✱ ( ;!2#!:6 ✑@&*3(4%!7 #!-%!"#(✑ & %$✲

"#4!7'* >*%*4$#!4$ %$'$-'( %$ -$"#!#6✱ & #!-%!"#( 4$&%6@ 6,&!*%%!7 -$"#!#*

%*"68*7✱ %* #4*)6*#"9✳ ➶ '$-*"#&* %*3(%*7%!7 ➻:'!"#( 4$"":!#4(: ;3!"'(7 '!%✲

,*%"$#!4✱ 4$)!-(7 +$+!4 '!#!4!>! +$;!3%*% "*>%*#!23*'#4('!:✳ ✃$' (+&*"#%! (+

4$%%(1 4$)!# $'$,*:('$ ➮✳➶✳ ✃64-$#!&$✱ "*>%*#!23*'#4('( !)3$,$@# "&!7"#&!:
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 !"# !$ %$ &'(#)#*%)+# ,%"-.#&'/## %+  ',.-0!  %)+# 1"!2+.#3!)2%4% ,%"-

~P = f( ~E)✳ 6+%  '7%8#+ %+.'0! #! (  !"# !$ %$ (%"9+✲;'.'8 %$ 7'.'2+!.#)+#✲

2! 2% 8! )'+%.' ✭)*✳ .#)✳ ✹✳✻✮✳

 !"✳ ✹✳✻✳ ❮'(!)'*)+, -.(/0✲2+3+4)+, 5+3+60'3!"0!6+ "'7)'0.8('603!9'"6.7. 6.)4')"+0.3+

✃'2 (#8 % #& 4.';#2'✱ ;B 2/#- #*!!+ (#8 2BC#3!)2%$ ,'.'C%"D

UC(q) =
1

C0
(q + γ0q

3).

➬',#F!* B.'( ! #! ✃#.74%;' 8"- 1+%4% 2% +B.'

L
d2q

dt2
+R

dq

dt
+

1

C0
(q + γ0q

3) = U0 cos(2ωt).

 !"#$% &'$%('$" )!')* +,$'-$+$(#.')* /#)0')/1$✱ /&34('')* / ,"5"'$"% 61)✲

8) 9,(&'"'$3✳ ❰1#$<$" +)#9<"'')8) 9,(&'"'$3 )1 $49<"''=> ,('"" 4(?#@<("1✲

/3 & 1)%✱ <1) & +,(&)* <(/1$ /)!",0$1/3 &"#$<$'( U0 cos(2ωt)✱ ?)1),9@ '"#.✲

43 /<$1(1. %(#)* &"#$<$')*✱ $✱ /))1&"1/1&"'')✱ '"#.43 $/+)#.4)&(1. ❒❒❒➚

C"4 +,"!&(,$1"#.')* +)!8)1)&?$✳ D,$<$'(✱ +) ?)1),)* '"#.43 +,"'"C,"<. 61$%

/#(8("%=%✱ )<"'. +,)/1( − 8"'",(1), '(?(<?$ +) /91$ 3&#3"1/3 $/1)<'$?)%

&='90!"''=> ?)#"C('$*✱ )' '"+)/,"!/1&"'') &?#@<"' & ?)'19,✳ D)61)%9 !(0"
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 !"#$ %&'$()  $*$'$(()+ (τ = ω0t) , -*&,($(..

x′′ + x = ζx− 2δx′ − γ0x
3

︸ ︷︷ ︸
=µf(x,x′)

+Ũ cos(2τ)

($#/%0  *$($1*$2/ "#&3&$')' Ũ cos(2τ)✳ 56!1) *$7.6/ %&8&2-✱ ($!1+!8.'! .%✲

1&,.6/"0 !6 ;6!3! "#&3&$'!3!✳ ➘#0 ;6!3! ,,$8➻' (!,->  $*$'$((->

y = x+ Ã cos(2τ)

.  !8"6&,.' $➻ , ."+!8(!$ -*&,($(.$✳ ➶)1$*$' %(&2$(.$ @!("6&(6) Ã 6&@!$✱

26!1) "!@*&6.#!"/ "#&3&$'!$ " '(!A.6$#$' Ũ ✳ B*. ;6!'  !#(!"6/> .%1&,.6/"0

!6 -8,!$((!C 2&"6!6) ($  !#-2.6"0✱ 6&@ @&@ , "."6$'$  *!."+!806 8,&  *!D$""&✿

" "!1"6,$((!C 2&"6!6!C ω0 . -8,!$((!C 2&"6!6!C 2ω✳

❮$!1+!8.'! (&C6. *$7$(.$ y . .""#$8!,&6/✱ 1-8$6 #. !(! (-#$,)'✱ "6&D.!✲

(&*()'✱ !6#.2()' !6 (-#0✱ -"6!C2.,)' .#. ($-"6!C2.,)'✳

➬&8&2& ➑ ✷✻✳ ➹$($*&6!* ,6!*!3! *!8& " ,&*.@& !'

B*$8,&*.6$#/(!$ !1"-A8$(.$✳ L$%-#/6&6  *$8)8-M$C %&8&2.  !@&%),&$6 ❬✻❪✱

26! "!"6!0(.$  !@!0 , @!#$1&6$#/(!' @!(6-*$✱ .%!1*&A$((!' (& *."✳ ✹✳✺✱ 0,#0✲

$6"0 -"6!C2.,)'✱ & "6&D.!(&*(!C &' #.6-8)✱ !6#.2(!C !6 (-#0✱ , "."6$'$ ($

"-M$"6,-$6 (.  *. @&@.+ %(&2$(.0+  &*&'$6*!, D$ .✳ B*.2.(&✱  ! @!6!*!C ,

@!(6-*$ " "$3($6!;#$@6*.2$"@.' @!(8$("&6!*!' ($ ,!%1-A8&>6"0 -"6!C2.,)$

!6#.2()$ !6 (-#0 @!#$1&(.0✱ %&@#>2&$6"0 , 6!'✱ 26! ➻'@!"6/ %& !8.(  $*.!8

(&@&2@. .%'$(0$6"0 8,& *&%&  *. 2&"6!6$ (&@&2. ,8,!$ ,)7$ "!1"6,$((!C 2&✲

"6!6) "."6$')✳ R#$8!,&6$#/(!✱ -"#!,.0  &*&'$6*.2$"@!3! ,!%1-A8$(.0 , 6&@!C

"."6$'$ ($ ,) !#0(>6"0✿ ➻'@!"6/ '$(0$6"0 2&M$✱ 2$' ;6! ($!1+!8.'! ✭✹ *&%& %&

 $*.!8 "!1"6,$(()+ @!#$1&(.C @!(6-*& ,'$"6! ✷✮✳ 56!1) -"6*&(.6/ ;6!6 8$U$@6✱
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 !" # $%&#'()#*+,(  !"#$$!%&#' () -! ./$0 UC(q)✳ ➘'3 4,#5 /6'$ 7#"✲

 # *#%&#'()#*+,(%3 **696 $67  +&:3"6 $3 %76;6 $3  + ➻7.#%,( − &:$ 4,#7

:+=#>+3 ,#>.+ %76%,$,%3 $)  !'3 .:$*#5 UC(q)✱ #9 +.# =#'66 &:#9!.,$* @7

%&#%#=#7 :6A6 $3 )+9+>$ 3*'36,%3 $%&#'()#*+ $6 *+:$.+&+− %&6/$+'( #B# &#✲

'!&:#*#9 $.#*#B# 9$#9+✱ $%&#'()!0;6B#%3 * .+>6%,*6  6'$ 65 #5 ➻7.#%,$✱ >,#

#,:+"6 # * 6B#  +)*+ $$ ✭✑✈❛G✐❝❛♣✑ ✭+ B'✳✮ #, ✑✈❛G✐❛❜❧❡ ❝❛♣❛❝✐O②✑ − *+:($:!67+3

➻7.#%,(✮✳ Q:$ /$& :+=#,@ *+:$.+&+ #% #*+  + ,#7✱ >,# '0=#5 )+.:@,@5p−n

&6:6R#9 #='+9+6,  6.#,#:#5 ➻7.#%,(0✳ S67 =#'(A6 &:$'#"6 # . 9$#9! #=:+, #6

 +&:3"6 $6✱ − ,67 A$:6 #=69 6  +3 )# + p−n &6:6R#9+ ✭,+ #='+%,(✱ * .#,#:#5

 +R#9$,%3 7+'# #% #* @R  #%$,6'65 )+:39+✮✳ T+.#6 ✭:6B!'$:!67#6 *6'$>$ #5 #=✲

:+, #B#  +&:3"6 $3✮ !*6'$>6 $6 #=69 6  #5 )# @ 4.*$*+'6 , # :+)9*$B+ $0

#=.'+9#. &'#%.#B# .# 96 %+,#:+✳ ➶#)7#" #%,( =@%,:#B# &6:6.'0>6 $3 *+:$.+✲

&+ &:$*6'+ . ,#7!✱ >,# &#3*$'%3 #=A$: @5 .'+%% !%,:#5%,* &+:+76,:$>6%.$R

!%$'$,6'65✳

❮6#=R#9$7#%,( * &+:+76,:$>6%.$R !%$'$,6'3R #=!%'#*'6 + &#,:6= #%,(0 $R

&:+.,$>6%.#B# &:$76 6 $3✱ * >+%, #%,$✱  6#=R#9$7#%,(0 &#*@A6 $3 9+'( #%,$

965%,*$3 :+9$#'#.+/$#  @R %,+ /$5 9+'( 6B# #= +:!"6 $3 %+7#'6,#* $ 76"✲

.# ,$ 6 ,+'( @R =+''$%,$>6%.$R % +:39#*✱  6#=R#9$7#%,(0 !*6'$>6 $3 9+'(✲

 #%,$ 965%,*$3 %,+ /$5 %'6"6 $3 )+ .#%7$>6%.$7$7 :+.6,+7$ $ $%.!%%,*6 ✲

 @7$ %&!, $.+7$ ➬67'$✱ :+9$#,6'6%.#&#* ❬✼❪✳ [ %6:69$ @ ✺✵✲R BB✳ ❳❳ %,#'6✲

,$3 *#) $.'+ &#,:6= #%,( * !&:+*'6 $$ $%.!%,*6  @7$ %&!, $.+7$ ➬67'$✱ +✱

.+. $)*6%, #✱ #. + &:#):+> #%,$ ✭>+%,#, @6 9$+&+)# @✱ .#,#:@6 &:#&!%.+0,%3

+,7#%-6:#5✮  +R#93,%3 * [➶S✲9$+&+)# 6✳ ➪#'(A+3 !9+'6  #%,( .#%7$>6%.$R

#=`6.,#* #=!%'+*'$*+6, %$'( !0 )+A!7'6  #%,( &#'6) @R %$B +'#*✳ Q:$76 6✲

 $6 %,+ 9+:, @R 76,#9#* !%$'6 $3 ✭4'6.:#  #✲*+.!!7 @6 &:$=#:@ [➶S✮ >+%,#

 6 9+➻, "6'+67@R :6)!'(,+,#*✱ &#,#7! >,# %+7$ !%$'$,6'( @6 &:$=#:@ #='+✲

✾✷



 !"# $%&'()* +,'$-.* /+*'$'0 #.*1.,!#+,%✳ ❮!1,)*.,✱ -!)5+6/). '7,!89%

5!*1 7.:+;.0 $'5-% ✭❐➪➶✮ '75! !"# /+*'$'0 #.*1.,!#+,'0 400− 600 ◦
✃✱ 6#'

&''#$.#&#$+.# ('BCC)9).-#+ /+*'$ 4−5  ➪✳ ➶ &$D8) & B#)* 1,)*.-.-). ✑F'5' ✲

-%F✑ ✭1,) ('*-!#-'0 #.*1.,!#+,.✮ 1!,!*.#,)6.&()F ('5.7!#.5H-%F ('-#+,'$

 5D +&)5.-)D I➶J ) $) .'✲&):-!5'$ -!/5' 1'$&.*.&#-'. ,!&1,'&#,!-.-).✳ I5.✲

 +.#✱ ('-.6-'✱ '# !$!#H &.7. '#6.# $ #'*✱ 6#' #.F-)(! I➶J &)5H-' '#5)6!.#&D

1' ('-&#,+(9)) '# -)8('6!&#'#-'0 !11!,!#+,%✳ ➶ (!6.&#$. ('5.7!#.5H-%F &)✲

&#.* $ #.F-)(. I➶J )&1'5H8+"#&D $'5-'$' % ) ,.8'-!#',%✱ ! $&. B5.*.-#%

('5.7!#.5H-':' ('-#+,! '75! !"# ,!&1,. .5.--%*) 1!,!*.#,!*)✳ ➶ (!6.&#$.

 .*'-&#,!9)) -! ,)&✳ ✹✳✼ 1,)$. .-% &F.*'#)6.&('. )8'7,!M.-). ) C'#':,!C)D

,.!5H-':' 1,'*%/5.--':' 1'5+1,'$' -)('$':' 1!,!*.#,)6.&(':' +&)5)#.5D✳

 !"✳ ✹✳✼✳ &'()*+!,("-.( !/.01*2(3!( ✭"5(6*✮ ! 63(83!9 6!: ✭";1*6*✮ ;1.)<85(33.=. ;.5>✲

;1.6.:3!-.6.=. ;*1*)(+1!,("-.=. >"!5!+(5@ +!;* ❒➚✲✶& :(D!)(+1.6.=. :!*;*/.3*

✃!( $) -' )8 &F.*%✱ 1!,!*.#,)6.&()0 +&)5)#.5H 1,. &#!$5D.# &'7'0 '7N.*-%0

6.,$.,#H$'5-'$%0 ✭$%&'#! λ/4✮ ,.8'-!#',✱ $ ('#','* 1,')&F' )# $8!)*' .0✲

&#$). &#'D6)F B5.(#,'*!:-)#-%F $'5-✱ '7,!8'$!--%F )&#'6-)('* $F' -':' &):✲

-!5! ✭-!1,)*.,✱ '# 5'(!#',!✮ ) :.-.,!#','* -!(!6() ✭6HD B-.,:)D $ )#':. ) .#

✾✸



 ! "#$%& $& #%!'()( *(%&+ ()( ,-(. ()( #$) !%!✮✳ ➶,(. $ ,2,(. 3%&456(7!) $5✲

 (9 3 &6)$$ 4(%&'! $9 , 6&+( !5(6& (#":&#5,%;<5#; *&5%;7$ #,;+$ ✭,$. 2  !

#-&7!5$>&#4(7 $+('6!?& $$✮✱ ;,%;<:$7$#;✱ *( #"5$✱ $+%">!<:&9 $ *6$➻7 (9

! 5&  !7$✳ B(.6(' && (' "#56(9#5,& C➶D✲5&- $4$ 6!##4!+2,!&5#; , (5.&%E (7

">&' (7 4"6#&✱ ! .%; *&6,()( (+ !4(7%& $; 6&4(7& ."&7 *6(>$5!5E #((5,&5✲

#5,"<:"< )%!," $+ ❬✽❪✳

B(#5! (,4! +!.!>$✳ ➮7&&5#; *(#%&.(,!5&%E 29 4(%&'!5&%E 29 4( 5"6 # ,!✲

6$4!*(7✱ 6!'(>$9 ">!#5(4 ,(%E5✲J!6!. (9 -!6!45&6$#5$4$ 4(5(6()( (*$#2,!✲

&5#; ,26!?& $&7

UC =
1

C0
(q + βq2 + γ0q

3), β > 0, γ0 > 0.

 !"✳ ✹✳✽✳ ✃'()*+,)(-./0 1'.,23 " "'"3)4','5)../6! 7+3+6),3+6!✱ 9:(9;<!0"9 =1:!:+().,✲

.'0 "?)6'0 7'(273':'4.!1':'@' 7+3+6),3!5)"1'@' 2"!(!,)(9

C-&7! 4(%&'!5&%E ()( 4( 5"6! $+('6!?& !  ! 6$#✳ ✹✳✽ $ ,4%<>!&5 , #&';

,!6$4!* ✭ &%$ &9 "< ➻74(#5E✮✱ #(*6(5$,%& $& R✱ 4!5"L4" $ ."45$, (#5$ L $

)& &6!5(6  !4!>4$✱ ;,%;<:$9#; $#5(> $4(7 )!67( $>&#4$- 4(%&'! $9 # >!#5(✲

5(9✱ 6!, (9 .,(9 (9 >!#5(5& #('#5,&  2- 4(%&'! $9 4( 5"6!✳

❮&('-(.$7( #(#5!,$5E "6!, & $; 3%&456$>&#4$- 4(%&'! $9 , 4( 5"6& $ *(.✲

)(5(,$5E +!.!>" 4 6&L& $< *(#6&.#5,(7 ❒❒❒➚ ✭# P&%E< #!7(*6(,&64$ *6$,(✲

✾✹



 !" #!$% &'()!*+#,% )-'($%#!%✮

x′′ + x = ζx− βx2 − γ0x
3 − 2δx′︸ ︷︷ ︸

µf(x,x′)

+Ũcos(2τ).

/0, 1'()#%#!% &,*12%#, ) '%31*+0(0% &'%#%4'%$%#!5 2*%#("! )0,',6, &,'5 7(

"(*,80!

(1− ζ)γ0 = γ0, (1− ζ)β = β.

❮%,4:, !", '%;!0+ <0, 1'()#%#!%✱ #(>0! 80(?!,'(#-% ("&*!01 - ! !88*% ,✲

)(0+ !: #( 180,>2!),80+✱ &,8*% 2%6, '%31*+0(0 &'% 80()!0+ ) )! % 7'!),> &(✲

'("%0'!2%87,6, '%3,#(#8(✳ ➬("%0+0%✱ 20, ) <0,> 3( (2% ),*+0✲C('( #(5 :('(7✲

0%'!80!7( #%*!#%>#,> ➻"7,80! #% 5)*5%085 8!""%0'!2#,>✱ &,<0,"1 ! '%31*+0(0

3( (2!  ,*$%# 81E%80)%##, ,0*!2(0+85 ,0 '%31*+0(0( &'% - 1E%> 3( (2!✳

➬( (2( ➑ ✷✼✳ ➮88*% ,)(0+ 8 &,",E+J ❒❒❒➚ 7,*%4(#!5 ) *("&,)," 6%#%✲

'(0,'% 8 12➻0," #%*!#%>#,80! (#, #,6, 0,7( ,0 1&'()*JE%6, #(&'5$%#!5✳ ➬(✲

&!;%" :('(70%'!80!71 <*%70',##,> *("&- ) )! % 714!2%87,6, &,*!#,"( ❬✾❪

ia = ia0 + S0u− S2u
3.

P,6 ( &'%,4'(3,)(##,% 1'()#%#!% 7,*%4(#!> 41 %0 !"%0+ )! ", !C!?!',)(#✲

#,6, 1'()#%#!5 ➶(#✲➘%'✲S,*5

x′′ + x = µ0[−1 + α(1 + βx− x2)]x′.

➮88*% 1>0% <0, 1'()#%#!%✱ 12!0-)(5✱ 20,αβ ∼ 1✱ 0✳%✳ <0!" 2*%#," &'%#%4'%6(0+

#%*+35✳

✾✺



➬!"!#! ➑ ✷✽✳ ➮))*+",-!./ ) 0,1,2/3 ❒❒❒➚ 6,*+7!89: - 6,8.;<+ ) 8+*9✲

8+>8?1 .<+89+1✱ +)*9 ;<!-8+89+ 6,*+7!89> 91++. -9"

x′′ + δ(x′)2 + ω2
0x = 0.

➬!"!#! ➑ ✷✾✳ ➮))*+",-!./ ) 0,1,2/3 ❒❒❒➚ 6,*+7!89: - 6,8.;<+ ) 8+*9✲

8+>8,> ➻16,)./3 9 .<+89+1✱ +)*9 ;<!-8+89+ 6,*+7!89> C!<:"! - )9).+1+ 91++.

-9"

L
d2q

dt2
= − 1

C
q + αq2 − β

dq

dt
+ γ

(
dq

dt

)2

.

✾✻



➹!"#" ✺

❒!"#$ %&"$'!()*

+ ")($,(#- .)./$0!-

. ($.%&"1%)0) ./$2$(*0)

.+&'&3#

✺✳✶✳ #$%&'($)*%+,-.% /(0%1(-)2

✃!" #$%&'()* #$ "+,'! (&*,&(#-&'"*. /&0!)#"# ❬✶✵❪✱ -#'6* '(&7&)&. '%*8*✲

:; − <(* )!#/&)=>&& -#'6* *8*8?&));0 "**,:#)!(✱ )&*80*:#/*& :6@ 7*6)*✲

A* *7#'!)#@ "*)B#A+,!C## '#'(&/;✳ ❮!7,#/&,✱ :6@ *:)*$)!-)*A* *7,&:&6&)#@

"*)B#A+,!C## /!(&/!(#-&'"*A* /!@()#"! )&*80*:#/! *:)! *8*8?&))!@ "**,:#✲

)!(! − +A*6 *("6*)&)#@ 7*:%&'! *( %&,(#"!6#✳ F,# <(*/ :&"!,(*%; "**,:#)!(;
(x, y) /!(&,#!6=)*. (*-"# ' /!''*.m *:)*$)!-)* *7,&:&6@G('@ 7* <(*/+ +A6+✳

➶ /&0!)#"& ' C&6=G +7,*?&)#@ 7,!%#6* *7,&:&6&)#@ -#'6! '(&7&)&. '%*8*:;

B*,/+6#,+G( (!"✿✑K#'6* '(&7&)&. '%*8*:; ,!%)* /#)#/!6=)*/+ -#'6+ $!",&7✲

6&)#.✱ "*(*,;& )&*80*:#/* ':&6!(= % '#'(&/& :6@ 7,&",!?&)#@ "*6&8!)#. %

)&.✳✑ ➘6@ (*A* M& /!(&/!(#-&'"*A* /!@()#"! :*'(!(*-)* ':&6!(= *:)* $!",&7✲

6&)#&✱ ! #/&))* $!B#"'#,*%!(= 7*6*M&)#& /!(&,#!6=)*. (*-"# ' /!''*.m✳

✾✼



➘! "#$%!&'()! *+(,("- ,. -/01#2- 3!2(4#"-& * $-$%(,#5 $ !6"!7 $%(8("9:

$*!4!6.✱ !6"#3! $0'($%*0(% 4!29<!7 32#$$ 0$%+!7$%*✱ $!$%!&'-5 -/ "($3!29✲

3-5 $*&/#"".5 ,(>60 $!4!7 8!6$-$%(,✳ ✃!2(4#"-& * %#3-5 $-$%(,#5 /"#1-%(29✲

"! !%2-1#:%$& !% +#$$,!%+("".5 +#"((✳ ❮#$%!&'#& )2#*# 8!$*&'("# *!8+!$#,

%(!+-- 3!2(4#"-7 * $-$%(,#5 $N $%(8("&,- $*!4!6.✱ !6"#3! 8!6#*2&:'(( 4!29✲

<-"$%*! /#6#1 406(% +(<#%9$& 62& $-$%(, $ 6*0,& $%(8("&,- $*!4!6.✳ ❰4C✲

(3%#,- -$$2(6!*#"-& 4060% $*&/#"".( D2(3%+-1($3-( 3!2(4#%(29".( 3!"%0+.✳

➘2& D2(3%+-1($3-5 3!"%0+!* 8+#*-2! !8+(6(2("-& 1-$2# $%(8("(7 $*!4!6.N

E!+,02-+0(%$& %#3✿✑H-$2! N +#*"! ,-"-,#29"!,0 1-$20 +#/+.*!* I(8-✱ "(!4✲

5!6-,.5 62& 8!2"!)! 8+(3+#'("-& 3!2(4#"-7✳✑

✺✳✷✳ ❒$%&'$%()&*+(, $--$.$%

❒#%(,#%-1($3-7 #88#+#% "#$%!&'(7 )2#*. *$(I(2! !8-+#(%$& "# 8+-"I-8 "#-✲

,("9<()! 6(7$%*-&✳ ➶$& %(!+-& $%+!-%$& "# $*!7$%*#5 $-$%(, $N = 2 ✭6*0,&✮

$%(8("&,- $*!4!6. - * 6#29"(7<(, !4!4'#(%$& "# 8+!-/*!29"!(N ✳ ❮#$%!&'0:

)2#*0 $2(60(% "#1#%9 $ "#8!,-"#"-& ! %!,✱ 1%! 3!2(4#"-& − D%! !)+#"-1("✲

".( 8!*%!+&:'-($& 6*->("-& !3!2! "(3!%!+!)! $+(6"()! 8!2!>("-& ❬✻❪✳ Q%!

0"-*(+$#29"!( !8+(6(2("-( 8!6+#/0,(*#(%✱ 1%! 08!,&"0%!( ✑"(3!%!+!( $+(6"((

8!2!>("-( ✑ &*2&(%$& 8!2!>("-(, 0$%!71-*!)! +#*"!*($-&✱ #✱ /"#1-%✱ 8!%("✲

I-#29"#& D"(+)-& U $-$%(,. * !3+($%"!$%- D%!)! $+(6"()! 8!2!>("-& 6!2>"#

-,(%9 ,-"-,0,✳ R!29/0&$9 2#"6<#E%"!7 #"#2!)-(7✱ 06#1"! -$8!29/!*#""!7 *!

✷✲7 )2#*( "#$%!&'()! 8!$!4-&✱ ,!>"! $3#/#%9✱ 1%!U * !3+($%"!$%- $+(6"()! 8!✲

2!>("-& 6!2>"# -,(%9 E!+,0 &,.✱ 1%! "#<2! $*!( !%+#>("-( * 1#$%! -$8!29✲

/0(,!, $2!*!$!1(%#"-- ✑8!%("I-#29"#& &,#✑✳ T#3 3#3 8!%("I-#29"#& D"(+)-& 8!

!8+(6(2("-: &*2&(%$& E0"3I-(7 %!293! 3!!+6-"#% - * $-$%(,( $ N = 2 !8+(✲

6(2(". 6*( !4!4'("".( 3!!+6-"#%. q1 - q2✱ %! 8!%("I-#29"#& &,# !8-<(%$&

✾✽



 !"!#$%&"'(! ! )&*&"➻((!, -./*)/%$0(!, 1!)2!,

U(q1, q2) = b11q
2
1 + 2b12q1q2 + b22q

2
2,

b11 > 0, b22 > 0, b11b22 > b212.

➮*&4 $ !5!6(!./($& 7%!8! 9%.&)#*&($4  )$(/*"&#/% ➘$)$;"&✱ $ 2= >*&6' (&

 )$.!*$2 6!!%.&%6%.9?@$;  !46(4?@$; -!22&(%/)$&.✱ !*(/-! >/2&%$2✱ 0%!

U(q1, q2) $2&&% ✑.$*  !)/5!"=✑✱ $ 19(-B$? "?5!,  !%&(B$/"'(!, 42= !"#$%&✲

(!%&)  !"!#&($4 )/.(!.&6$4 2!#(! 6 .=6!-!, %!0(!6%'? ! $6/%' -./*)/✲

%$0(!, 19(-B$&,✳ ➬/2&%$2 %/-#&✱ 0%! .  )&*"!#&((!, >/ $6$ -!711$B$&(%=

b12 = b21 )/.(= 2&#*9 6!5!,✱ 0%! 4."4&%64 !%)/#&($&2 %)&%'&8! >/-!(/ ❮'?✲

%!(/✱ 6!8"/6(! -!%!)!29 *.&  !*6$6%&2=  !6)&*6%.!2 6.4>$ .!>*&,6%.9?% *)98

(/ *)98/ . )/.(!, 2&)&✳

➚(/"!8$0(! >/ $6=./&%64 .$* -$(&%$0&6-!, 7(&)8$$ T ✱ -!%!)/4  ! ! )&*&✲

"&($? 4."4&%64 19(-B$&, %!"'-! "$H' !5!5@&((=; 6-!)!6%&,✳ ➘"4 6$6%&2= 6

N = 2

T (q̇1, q̇2) = a11q̇1
2 + 2a12q̇1q̇2 + a22q̇2

2,

a11 > 0, a22 > 0, a11a22 > a212.

I9(-B$$  !%&(B$/"'(!, $ -$(&%$0&6-!, 7(&)8$$ .;!*4% . 6!6%/. 19(-B$$

❐/8)/(#/ L ❀

L = T − U,

-!%!)/4 $6 !"'>9&%64 *"4 6!6%/."&($4 9)/.(&($, ❐/8)/(#/

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
+

∂F

∂q̇i
= 0, i = 1, 2...N. ✭✺✳✶✮

✾✾



 !"#$%& F = F (q̇i) − '%((%)*+%,"*& -!"#$%& (%(+./0✳ ➘3& )45(+5+0 ("*6*3*
4*((/5+4%/ (%(+./0 7.8 +4."%& ✭8*+!:*"%&✮✱ #5='*F = 0✳ >5'(+*,%/ !4*,"."%&

'3& U ✱ T , ✭✺✳✶✮ ✭,(. (3*=*./0. )5'.3."0 "* 57A%B /"5C%+.3D✱ 4*,"0B ✷✮





i = 1, a11q̈1 + a12q̈2 + b11q1 + b12q2 = 0,

i = 2, a22q̈2 + a12q̈1 + b12q1 + b22q2 = 0.
✭✺✳✷✮

❒0 )53!6%3% (%(+./! ',!: 3%".B"0: '%--.4."$%*3D"0: !4*,"."%B ,+545=5

)54&'#*✱ 4.G%, #5+54!H )53!6%/ %"+.4.(!HA%. "*( -!"#$%% q1(t) % q2(t)✱ 5)%✲

(0,*HA%. /*30. #53.7*"%& , (55+,.+(+,!HA%: )5'(%(+./*:✳ ❰7A%B ,%' 4.✲

G."%B K+5B (%(+./0 !4*,"."%B 5)4.'.3&.+(& +./✱ 6+5 %((3.'!./0. !4*,"."%&

%/.H+ ✷✲B )54&'5#✱ * 57A%/ 4.G."%./ !4*,"."%& ✷✲=5 )54&'#* &,3&.+(& =*4/5✲

"%6.(#*& -!"#$%& ,%'*

A cos(ωt).

L5='* , #*6.(+,. 57A.=5 4.G."%& (%(+./0 !4*,"."%B )4.'3*=*.+(& (3.'!HA..✿





q1 = A cos(ωt),

q2 = kA cos(ωt).
✭✺✳✸✮

 %8%6.(#%B (/0(3 ✭✺✳✸✮ 8*#3H6*.+(& , +5/✱ 6+5 /0 , %8!6*./5B (%(+./. '5)!(✲

#*./ (!A.(+,5,*"%. ".#5+545=5 )45%8,53D"5=5 #53.7*"%& ( 6*(+5+5Bω✱ )4%6./

K".4=%& K+5=5 #53.7*"%& 4*()4.'.3."* /.C'! ',!/& )5'(%(+./*/% , (55+"5G.✲

"%% ✶ ✿ k2✱ +*# #*# K".4=%& #53.7*"%& )45)54$%5"*3D"* #,*'4*+! .=5 */)3%+!'0✳

✶✵✵



 !"#$%&'( !)*++ ,+-+.'+ ✭✺✳✸✮ & '#4!".56 #'#$+(5 ✭✺✳✷✮ ' 8!95:'(





A(b11 − ω2a11) + kA(b12 − ω2a12) = 0,

A(b12 − ω2a12) + kA(b22 − ω2a22) = 0.
✭✺✳✹✮

<$% #'#$+(% %9=+),%':+#>'4 5,%&.+.'? '(++$ $,'&'%9@.!+ ✭A = 0✮ ' .+$,'&'✲

%9@.!+ ,+-+.'B✳ ➘9B #5*+#$&!&%.'B .+$,'&'%9@.!=! ,+-+.'B .+!)4!"'(! 8!✲

$,+)!&%$@ ,%&+.#$&% .596 !8,+"+9'$+9B #'#$+(D

∣∣∣∣∣∣

(
b11 − ω2a11

) (
b12 − ω2a12

)
(
b12 − ω2a12

) (
b22 − ω2a22

)

∣∣∣∣∣∣
= 0.

E%#>,!+( !8,+"+9'$+9@ ' 8!95:'( )'>&%",%$.!+ 5,%&.+.'+

ω4(a11a22 − a212)− ω2(a22b11 + a11b22 − 2a12b21) + (b11b22 − b212) = 0. ✭✺✳✺✮

<$! 5,%&.+.'+ 9+=>! #&!"'$#B > >&%",%$.!(5 8,!#$!? F%(+.!? 8+,+(+..D4 &'✲

"% x = ω2
✳ E+-+.'+( G$!=! 5,%&.+.'B B&9B6$#B "&+ :%#$!$D >!9+)%.'? ω1,2✱

>!$!,D+ F%&'#B$ $!9@>! !$ 8%,%(+$,!& #'#$+(D aij✱ bij✱ ' 8!G$!(5 B&9B6$#B

'.&%,'%.$%(' #'#$+(D !$.!#'$+9@.! 8,+!),%F!&%.'B .+F%&'#'(D4 >!!,"'.%$✳

<$! F%(+:%.'+ B&9B+$#B &%I.D(✱ 8!#>!9@>5 'F.%:%9@.! !)!)*+..D+ >!!,"'.%✲

$D "9B ,+-+.'B F%"%:' (+$!"!( ❐%=,%.I% &D)',%6$#B 8! 8,'.K'85 5"!)#$&%✱

$✳+✳ 8,!'F&!9@.D( !),%F!(✳  !95:+..D+ :%#$!$D ω1,2 .+ F%&'#B$ !$ &D)!,% >!✲

!,"'.%$ ' .%FD&%6$#B  !"#$%& '#( :%#$!$%('✳ ➶ #!!$&+$#$&'' # .%?"+..D('

F.%:+.'B(' 8%,K'%9@.D4 :%#$!$ (!I.! .%?$' #!!$&+$#$&56*'+ >!GMM'K'+.$D

✶✵✶



 !"!"#$ "!%!&!'() *'!"+(( ,-&!.#'(/ 0!1%2 %320)  -%$($4!0#0(





k1 = −
ω2
1a11 − b11

ω2
1a22 − b12

,

k2 = −
ω2
2a11 − b11

ω2
2a22 − b12

.

✭✺✳✻✮

:#,(0 -."#;-0✱ ,#1%#) (; -.-.=!''>? ,--"%('#4 q1✱ q2 3 $($4!0! $ %320) $4!✲

 !')0( $3-.-%> $-3!"A#!4 $&-1'-! %3(1!'(!✱ )3&)B=!!$) $2 !" -;(C(!/ %32?

+#"0-'(D!$,(? ,-&!.#'(/ $  #"C(#&E'>0( D#$4-4#0(




q1 = A1 cos(ω1t+ α1) + A2 cos(ω2t+ α2),

q2 = k1A1 cos(ω1t+ α1) + k2A2 cos(ω2t+ α2).
✭✺✳✼✮

G-$4-)''>! A1✱ A2✱ α1✱ α2 - "!%!&)B4$) (; '#D#&E'>? 2$&-3(/ ;#%#D(✳ ➶>"#✲

1!'() ✭✺✳✼✮ '#;>3#B4$) $-.$43!''>0( 3!,4-"#0( ;#%#D(✳

✺✳✸✳ ➶$%& '()*+, ( -./+012+/34., '$'2+5+

➶ ,2"$! 4!-"!4(D!$,-/ 0!?#'(,( 33-%)4$)  -')4() $(&-3-/ ( ('!"C(-''-/ $3)✲

;(✳ I4( 4!"0('>  "(;3#'> - "!%!&(4E $4! !'E 3&()'() %32? ( .-&!! ,-&!.#✲

4!&E'>?  -%$($4!0 %"2+ '# %"2+#✳ ➶ '#A!0 ,2"$! ,-&!.#'() (;2D#B4$) '#  "(✲

0!"! *&!,4"(D!$,(? ,-'42"-3✱  -*4-02 0> 3 %#&E'!/A!0 .2%!0  -&E;-3#4E$)

$&!%2B=(0( *,3(3#&!'4#0(✿

$(&-3#) $3);E − !0,-$4'#) $3);E,

('!"C(-''#) $3);E − ('%2,4(3'#) $3);E.

✶✵✷



 !"#$"% &%'"%(%)✱ +%& $,-.-//0" %"1'(/0 23!24%52 /" 6&!"" +"' $#&6/0'(

5!&3-'(✱ &5&6"//& "5!( 57"'- ,&!"6-%"!)/&8 5(5%"'0 ('""% 9&#7&#2:"" (.&61-✲

<"/("✳ ❮- 5-'&' #"!" ?%( %"1'(/0 !(@"/0 5'05!-✱ /-912'$4 $/-5!"#&3-//&✲

A& &% 9&/2%(8 ✑(/#$,C(2✑ ( ✑"',&5%)✑✱ 9&%&'$ +%& ,&/"+/08 3(# (59&!).$"'07

$1-3/"/(8 ❐-A1-/<- .-3(5(% &% 306&1- &6&6:"//07 ,&&1#(/-%✱ ,&%&10"✱ ,-,

$<" $,-.03-!&5)✱ '&A$% 60%) 3061-/0 91&(.3&!)/&✳ E&?%&'$ #!2 $1-3/"/(8 3

,&/,1"%/07 &6&6:"//07 ,&&1#(/-%-7 ,&?FF(C("/%0 532.(





æ2
L =

a212
a11a22

− ,&?FF(C("/% (/#$,%(3/&8 532.(,

æ2
C =

b212
b11b22

− ,&?FF(C("/% "',&5%/&8 532.(

'&A$% ('"%) /"&<(#-//08 3(#✱ /-91('"1✱æC '&<"% .-3(5"%) &% ,&?FF(C("/%-

3.-('/&8 (/#$,%(3/&5%(M =
√
L1L2✱ +%& /"$#-+/& 5&+"%-"%52 5 ,!-55(+"5,('

9&/2%("' "',&5%/&8 532.( 3 ,$15" 1-#(&?!",%1&/(,(✳ G%&'$ &65%&2%"!)5%3$ /"

5!"#$"% 91(#-3-%) &5&6&A& ./-+"/(2✳

✺✳✹✳ ✃$%&'()*+ , -,+.())/0 1%&234*5&-2*0

2$)364(0

➬-#-+- ➑ ✸✵✳ ➮/#$,%(3/& 532.-//0" ,&!"6-%"!)/0" ,&/%$10 $5(!(%"!2 91&✲

'"<$%&+/&8 +-5%&%0✳ ➮.$+(' 1-6&%$ ?!",%1(+"5,&8 57"'0✱ (.&61-<"//&8 /-

1(5✳ ✺✳✶✱ #!2 +"A& /-8#"' ./-+"/(2 9-1C(-!)/07 ( /&1'-!)/07 +-5%&%✱ ,&?F✲

F(C("/%0 532.( ( 5&65%3"//0" 3",%&10 5(5%"'0✳

E1&:" 35"A& /-+(/-%) 1"@"/(" .-#-+( 5 &91"#"!"/(2 9-1C(-!)/07 +-5%&%

(.$+-"'&8 5(5%"'0✳ E&# 9-1C(-!)/&8 +-5%&%&8 3 5(5%"'" 5 N 5%"9"/2'( 53&✲

6&#0 9&/('-"%52 +-5%&%- 5&65%3"//07 ,&!"6-/(8 &#/&8 9&#5(5%"'0 9&5!" &%✲

✶✵✸



 !"#$%&' ()$* +),-!.%/* N − 1 )&),$0 +, %$$✳ ➶ %-3$0 )!4#-$ N = 2✱ & 6-7✲

9&-!.%/$ #-),+,/ !$(+:+ & 67-(+:+  +%,47+( ✭67& )&00$,7&#%+0 +, !"#$%&&

67+,&(+6+!+<%+:+  +%,47-✮ >4?4,

n2
1 =

1

L1C1
, n2

2 =
1

L2C2
.

 !"✳ ✺✳✶✳ ➮'()*+!,'- ",./0''12 *-'+)31

➘-!$$ (/>$7$0 4?+>%/$ +>+>A$%%/$  ++7?&%-,/ ?!' +6&)-%&' ()$* ?(&<$✲

%&B ( )&),$0$✳ ✃- 67-(&!+✱ (  -#$),($ q1 & q2 4?+>%+ (/>7-,. D-7'?/ %- )+✲

+,($,),(4"A&*  +%?$%)-,+7-* C1✱ C2✳ E+:?- 6+,$%9&-!.%-' F%$7:&' )&),$0/

+67$?$!'$,)' F%$7:&$B F!$ ,7&#$) +:+ 6+!'✱ D-6-)$%%+:+ (  +%?$%)-,+7-*

U(q1, q2) =
q21
2C1

+
q22
2C2

,

+, 4?-  +FGG&9&$%,/

b11 =
1

2C1
, b12 = 0, b22 =

1

2C2
.

➬-6&3$0  &%$,&#$) 4" F%$7:&" )&),$0/✱ '(!'"A4")' F%$7:&$B 0-:%&,%+:+

✶✵✹



 !"# $%&'()$

T (q̇1, q̇2) =
L1q̇1

2

2
+

L2q̇2
2

2
+Mq̇1q̇2,

!&$'*% $!+,,-.-)/&0

a11 =
L1

2
, a12 =

M

2
, a22 =

L2

2
.

❮%2*)//0) $!+,,-.-)/&0  !34!"#5& 67%3' 408-6"-&9 $!+,,-.-)/&0 64#3-

æ2
L =

M 2

L1L2
, æ2

C = 0.

➶ /%(); 6"'8%) ' $!/&'7!4 /)& );$!6&/!2 64#3- ✭!&6'&6&4')& !=>-2 $!/*)/✲

6%&!7✱ 4A!*#>-2 4 6!6&%4 !=!-A $!/&'7!4✮✱ -  !+&!;' $!+,,-.-)/& æC = 0✳

D!*6&%4-; 407%E)/-# *"#  !&)/.-%"9/!2 - $-/)&-8)6$!2 +/)7F-- 4 '7%4/)/-)

❐%F7%/E% -  !"'8-; 6-6&);'





i = 1, L1q̈1 +Mq̈2 +
q1
C1

= 0,

i = 2, L2q̈2 +Mq̈1 +
q2
C2

= 0.
✭✺✳✽✮

D!*6&%4-; 7)()/-) 4 !=>); 4-*) -  !6&%4-; '6"!4-) 6'>)6&4!4%/-# /)&7-4-✲

%"9/!F! 7)()/-#✱ 8&!  7-4)*)& /%6 $ =-$4%*7%&/!;' '7%4/)/-5

ω4(L1L2 −M 2)− ω2

(
L2

C1
+

L1

C2

)
+

1

C1C2
= 0.

J%3*)"-; ")4'5 -  7%4'5 8%6&- '7%4/)/-# /%L1L2 - 4!6 !"93');6# 44)*)//0;-

7%/)) '*!=/0;- !=!3/%8)/-#;-

ω4(1− æ2
L)− ω2(n2

1 + n2
2) + n2

1n
2
2 = 0.

✶✵✺



 !"#$ %&' ()*+,!,#! -./ 0.(1*/ -+(2 '-#,*3'+42 3',&()'+ ✭L1 = L2✱ C1 = C2✱

n1 = n2 = n✮

ω1,2 =
n√

1± æL

.

➬,*/ ,')$*.9,4! 1*0&'&4 3'.!:*,#;✱ $'<,' =' >')$(.*$ ✭✺✳✻✮ +41#0.#&9 3'✲

%>>#C#!,&4 )*0=)!-!.!,#/ %,!)D## k1, 2 # &!$ 0*$4$ ='.,'0&9E '=)!-!.#&9

0':0&+!,,4! +!3&')4 3'.!:*,#; + 0#0&!$! =' >')$(.! ✭✺✳✼✮✳

G-!.*!$ ,!:'.9"'; 3'$$!,&*)#; 3 ='.(1!,,'$( )!H(.9&*&(✱ -./ 1!D' 3*✲

1!0&+!,,' #H':)*H#$ )!H(.9&#)(EI(E *$=.#&(-,'✲1*0&'&,(E 2*)*3&!)#0&#3(

✭$'-(.9 3'$=.!30,'D' 3'%>>#C#!,&* =!)!-*1# |K(jω)|✮ #00.!-(!$42 3',&()'+
,* )#0✳ ✺✳✷✳ ✃*3 +#-,' #H D)*>#3* ➚MN✱ =)# )*+!,0&+! =*)C#*.9,42 1*0&'&

 !"✳ ✺✳✷✳ &'()((*+,-.,/ 01.23!/ ➚56 7819 !.712'!8.( "8/-,..:9 2();*,';)<.:9 2(.'1+(8

,')$*.9,4! 1*0&'&4 &!$ 0#.9,!! '&.#1*E&0/ -)(D '& -)(D*✱ 1!$ 0#.9,!! $*D✲

,#&,*/ 0+/H9 $!<-( 3*&("3*$#✳ O&'& >!,'$!, ':(0.'+.!, +H*#$,4$ +.#/,#!$

='-0#0&!$ -)(D ,* -)(D*✱ + 0+/H# 0 1!$ ($!0&,' =)'+!0&# #,&!)!0,(E =*)*..!.9

$!<-( ='.(1!,,4$ )!H(.9&*&'$ # 3+*,&'+'✲$!2*,#1!03#$ =)#,C#='$ P*(.#✱

0'D.*0,' 3'&')'$( #-!,&#1,4! >!)$#',4 ✭,*=)#$!)✱ %.!3&)',4 + $*3)'03'✲

$#1!03'$ >#H#1!03'$ &!.!✮ ,! $'D(& '-,'+)!$!,,' ,*2'-#&90/ + '-,'$ # &'$

<! 3+*,&'+'$ 0'0&'/,##✳

➬*-*1* )!"!,*✳

✶✵✻



➬!"!#! ➑ ✸✶✳ ➶ )!#*+,-* "*./0+,1!233 413.*03. 4/56#*007* 80!039 ) !0!✲

5386 )/5*;!03< - +=*.*✱ 413-*"*00/< 0! 13+✳ ✺✳✸✳

 !"✳ ✺✳✸✳ &'()* + ,*-*.( ➑ ✸✶

@*1-!9 ++/;*00/+,A 38/;1!B*00/< 2*43 8!)5C#!*,+9 - ,/.✱ #,/ - 0*< 413✲

+6,+,-6C, D5*),13#*+)3* +/41/,3-5*039✱ 4/+1*"+,-/. )/,/17= /+6E*+,-59*,+9

"3++34!239 D0*1F33✳ ➶,/1!9 /+/;*00/+,A 8!)5C#!*,+9 - ,/.✱ #,/ - D,/< 2*43

413+6,+,-6*, *.)/+,0!9 +-98A✳

➮,!)✱ /;/80!#3. 41/,*)!CE3* - -*,-9= ,/)3 I1✱ I2✱ I3✱ I4✳ H,! +=*.! 9-59*,+9

+3+,*./< + 3✲.9 +,*4*09.3 +-/;/"7✱ ,!) )!) "59 4/50/F/ 41*)1!E*039 D5*),13✲

#*+)/F/ ,/)! - +3+,*.* 0*/;=/"3./ .303.6. +"*5!,A ,13 1!817-! - 2*43✳ ➘59

/43+!039 "-3B*03< - +3+,*.* 0*/;=/"3./ -7;1!,A 3 /;/;E*007* )//1"30!,7✳

❮!413.*1✱ D,/ ;6"6, D5*),13#*+)3* 8!19"7✱ 41/,*)!CE3* 4/ -*,-9. ✶✱ ✷ 3 ✸✳

❰;/80!#3. D,3 -*53#307 q1✱ q2✱ q3✳ M//,-*,+,-6CE3* ,/)3 - D,3= -*,-9=

I1 =
dq1
dt

,

I2 =
dq2
dt

,

I3 =
dq3
dt

.

✭✺✳✾✮

✶✵✼



❮!"#$!%&'() &*+ I4 ,!-+* '.)&" "# /0.$'!'"1 ✃"03-*4. 5,1 $!03'!-* /#,. %3!✲

7(

I1 + I2 − I3 − I4 = 0. ✭✺✳✶✵✮

>*%&.$"7 %"%&!7/ /0.$'!'") ❐.-0.'@. $"5.

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
+

∂F

∂q̇i
= 0, ✭✺✳✶✶✮

-5! i = 1, 2, 3✳ ➬.B"C!7 B*&!'D".,E'/F G'!0-"F %"%&!7(

U(q1, q2, q3) =
q21
2C1

+
q23
2C0

. ✭✺✳✶✷✮

➬.B"C!7 +"'!&"I!%+/F G'!0-"F %"%&!7(

T (q̇1, q̇2, q̇3) =
L1q̇1

2

2
+

Lq̇2
2

2
. ✭✺✳✶✸✮

➬.B"C!7 5"%%"B.&"$'/F 4/'+D"F %"%&!7(

F (q̇1, q̇2, q̇3) =
R1q̇1

2

2
+
Rq̇3

2

2
+
R0

2

(
q̇1

2 + q̇2
2 + q̇3

2 + 2q̇1q̇2 − 2q̇1q̇3 − 2q̇2q̇3
)
. ✭✺✳✶✹✮

L*5%&.$"7 ✺✳✶✷✱ ✺✳✶✸✱ ✺✳✶✹ $ ✺✳✶✶✳

L1q̈1 +
q1
C1

+R1q̇1 +R0q̇1 +R0q̇2 −R0q̇3 = 0,

Lq̈2 +R0q̇2 +R0q̇1 −R0q̇3 = 0,

q3
C0

+Rq̇3 +R0q̇3 −R0q̇1 −R0q̇2 = 0.

✭✺✳✶✺✮

➮O!7 0!C!'"! $ $"5! q1 = q10 exp(λt)✱ q2 = q20 exp(λt)✱ q3 = q30 exp(λt)✳ ➶$!5!7

✶✵✽



 !"#$ %&'&($)'# *&+&,-

1

L1C1
= n2

1;
R0

L1
=

1

τ0
;
R1

L1
=

1

τ1
;
R0

L
=

1

τ2
;

1

R0C0
=

1

τ3
;
R

R0
= α.

. /)!0 *&+&,- $1)2 )'-"-&32 !$ -  $)'-"-&32 !$ '$4$ -5✳ 7'-"-&32 !$ '$4$✲

 -$ − /)! 9!:+& 9!3$;& -5 !)1<)1)"<=) q10 = 0✱ q20 = 0✱ q30 = 0✳ ❮$)'-"-&32 !$

'$4$ -$ *&+&,- "!*(!@ ! )!:+&✱ 9!:+& !%'$+$3-)$32 1-1)$(# &3:$;'&-,$19-A

<'&" $ -0 '&"$  <3=

∣∣∣∣∣∣∣∣∣∣∣∣

[
λ2 + λ

(
1

τ0
+

1

τ1

)
+ n2

1

] [
λ
1

τ0

] [
−λ 1

τ0

]

[
λ
1

τ2

] [
λ2 + λ

1

τ2

] [
−λ 1

τ2

]

[−λ] [−λ]
[
λ(1 + α) +

1

τ3

]

∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

B&19'#"&5 !%'$+$3-)$32✱ %!3<,-( %!3- !( ✺✲0 1)$%$ -λ✳ ✃!' - %!3- !(& 9!(✲

%3$91 #$

λi = ωi + jδi,

:+$ ωi − i✲5  !'(&32 &5 ,&1)!)& 9!3$;& -5✱ & δi − +$9'$($ ) *&)<A& -5✱ 1!!)✲

"$)1)"<=E-0 9!3$;& -=  & ωi✲0 ,&1)!)$✳ ➘&32 $04$$ & &3-)-,$19!$ '$4$ -$

*&+&,-  $ %'$+1)&"35$)15 "!*(!@ #(✱ !+ &9!  & %'&9)-9$ '$4$ -$ *&+&,- "

9! $, !( "-+$ (!@ ! 3$:9! %!3<,-)2 ,-13$  !✱ "!1%!32*!"&"4-12 3=;#( (&✲

)$(&)-,$19-( %&9$)!( 9!(%2=)$' #A %'!:'&((✳

➬&+&,& '$4$ &✳

➬&+&,- +35 1&(!1)!5)$32 !:! '$4$ -5

➬&+&,& ➑ ✸✷✳ ❮&0+-)$ %&'K-&32 #$ -  !'(&32 #$ ,&1)!)# 9!3$;& -0✱ 9!✲

/LL-K-$ )# 1"5*- - 1!;1)"$  #$ "$9)!'# +35 K$%-✱ -*!;'&@$  !0  & '-1✳ ✺✳✹✳

✶✵✾



 !"✳ ✺✳✹✳ &'()* + ,*-*.( ➑ ✸✷

➬!"!#! ➑ ✸✸✳ ❮!(")*+ ,!-.)!/012+ ) 13-4!/012+ #!5*3*2 63/+7!1)(✱ 63✲

:;;).)+1*2 5<=>) ) 5375*<+112+ <+6*3-2 "/= .+,)✱ )>37-!?+113( 1! -)5✳ ✺✳✺✳

 !"✳ ✺✳✺✳ &'()* + ,*-*.( ➑ ✸✸

➬!"!#! ➑ ✸✹✳ ❮!(")*+ ,!-.)!/012+ ) 13-4!/012+ #!5*3*2 63/+7!1)(✱ 63✲

:;;).)+1*2 5<=>) ) 5375*<+112+ <+6*3-2 "/= .+,)✱ )>37-!?+113( 1! -)5✳ ✺✳✻✳

 !"✳ ✺✳✻✳ &'()* + ,*-*.( ➑ ✸✹

✶✶✵



➬!"!#! ➑ ✸✺✳ ❮!)"*+, -!./*!0123, * 24.5!0123, #!6+4+3 740,8!2*)✱ 74✲
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